HIGH DEGREES OF RANDOM RECURSIVE TREES

LOUIGI ADDARIO-BERRY AND LAURA ESLAVA

ABSTRACT. For n > 1, let T, be a random recursive tree (RRT) on the vertex set
[n] = {1,...,n}. Let degy, (v) be the degree of vertex v in Tp, that is, the number
of children of v in T,,. Devroye and Lu [6] showed that the maximum degree A, of
T, satisfies Ay /|logy n] — 1 almost surely; Goh and Schmutz [7] showed distributional
convergence of A, — |log, n| along suitable subsequences. In this work we show how a
version of Kingman’s coalescent can be used to access much finer properties of the degree
distribution in T7,.

For any i € Z, let Xi(n) = |{v € [n] : degy, (v) = [logn]+i}|. Also, let P be a Poisson
point process on R with rate function A(z) = 27% - In2. We show that, up to lattice
effects, the vectors (Xi(n), i € Z) converge weakly in distribution to (P[i,i+ 1), ¢ € Z).
We also prove asymptotic normality of Xi(n) when ¢ = i(n) — —oo slowly, and obtain
precise asymptotics for P (A, —logyn > i) when i(n) — oo and i(n)/logn is not too
large. Our results recover and extends the previous results on maximal and near-maximal
degrees in random recursive trees.

1. STATEMENT OF RESULTS

The process of random recursive trees (T,,, n > 1) is defined as follows. 77 has a single
node with label 1, which its root. The tree T,,41 is obtained from T, by directing an edge
from a new vertex n + 1 to v € [n]; the choice of v is uniformly random and independent
for each n € N. We call T,, a random recursive tree (RRT) of size n.

As a consequence of the construction, vertex-labels in T}, increase along root-to-leaf paths.
Rooted labelled trees with such property are called increasing trees. It is not difficult to see
that, in fact, T, is uniformly chosen among the set Z,, of increasing trees with vertex set [n].

We write degz, (v) to denote the number of children of v in T;,. The degree distribution

of T,, is encoded by the variables Zi(n) = {v € [n] : degy, (v) = i}|, for i > 0. In fact, the
study of RRT’s started with a paper by Na and Rapoport [12] in which they obtained, for

any fized i > 0, the convergence ]E(Zf"))/n — 2771 as n — co. Mahmoud and Smythe

[11] derived the asymptotic joint normality of Zi(n) for i € {0,1,2}; Janson [8] extended the

)

joint normality to Zi(" for i > 0 and gave explicit formulae for the covariance matrix (this

is not an exhaustive account of the results concerning the random variables ZZ-(n)).

The above results concern typical degrees; the focus in this work is large degree vertices,
and in particular the maximum degree in T),, which we denote A, = max,c[,) degy, (v).
For the rest of the paper we write log to denote logarithms with base 2, and In to denote

natural logarithms. For n € N let ¢,, = logn — [logn].
A heuristic to find the order of A,, is that, if E(Zi(n)) ~ n27""1 were to hold for all
i, as it does when ¢ is fixed, then we would have E(Zflno)gnj) ~ p2-llogn]-1 — 9-lten
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This heuristic suggests that A,, is of order logn. This is indeed the case: Szymanski [14]
proved that E[A,]/logn — 1 as n — oo, and Devroye and Lu [0] later established that
A,/logn — 1 a.s.. Finally, Goh and Schmutz [7] showed that A, — |logn| converges in
distribution along suitable subsequences, and identified the possible limiting laws.

Since we focus on maximal degrees, it is useful to let

X" =200 = Hv € [n] - degy, (v) = [logn] + 1},

for n € Nand ¢ > —[logn]. The following is a simplified version of one of our main results.

Theorem 1.1. Fiz e € [0,1]. Let (n;);>1 be an increasing sequence of integers satisfying
€n, —+ € asl — o0o. Then, asl — oo

(X" iez) L (PEie )

jointly for all i € Z where the Pf are independent Poisson 1.v.’s with mean 277 17¢,

The random variables XZ-(n) do not converge in distribution as n — oo without taking
subsequences; this is essentially a lattice effect caused by the floor |logn| in the definition
of X™.

Theorem 1.1 can be stated in terms of weak convergence of point processes (which is
equivalent to convergence of finite dimensional distributions (FDD’s); see Theorem 11.1.VII
in [4]). In fact, we will also prove convergence (along subsequences) of

X(ZZ) - ZX]SL) = |{v € [n] : degy, (v) > [logn] +i}|.
k>i

This is useful as it yields information about A, which cannot be derived from Theo-
rem 1.1. We formulate this result as a statement about convergence of point processes, and
now provide the relevant definitions. Let Z* = ZU {co}. Endow Z* with the metric defined
by d(i,j) =277 — 27| and d(i, 00) = 27¢ for i,j € Z. Let M. be the space of boundedly
finite measures of Z*.

Let P be a Poisson point process on R with rate function A(xr) = 277 - In2. For each
g € [0,1] let P© be the point process on Z* given by

7)6 — Z 6\_‘L+8J .
zEP
Similarly, for all n € N let
P(n) = Z 6deng (v)—logn]-
v€E[n]

Then, for each ¢ € Z we have that
P{i}) =z eP:lzt+e]=i}|={zeP:axe€fi—¢ci+1—¢)}

has distribution Poi(2-=1%); also P ({i}) = X™. We abuse notation by writing, e.g.,
PUO(i) = P({i}).

It is clear that P(™) and P¢ are elements of MZ*. The advantage of working on the state
space to Z* is that intervals [k, co] are compact. In particular, the convergence of FDD’s of
P (™) implies the convergence in distribution of Xg;’) = P[i, 00).
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Theorem 1.2. Fiz e € [0,1]. Let (n;);>1 be an increasing sequence of integers satisfying
€n, > € asl — oco. Then in Mg*, P converges weakly to PE as | — oo. Equivalently,
for any i < i’ € Z, jointly as | — oo

(™ x M xEy (PR, . PR — 1), PR, 00)).

Note that Theorem 1.1 follows from Theorem 1.2. We finish this section stating two
additional results. The first is an extension of the main theorem from [7], that result being
essentially the case i = O(1).

Theorem 1.3. For any i =i(n) with i +logn < 2lnn and liminf, _, i(n) > —oo,
P(A, > [logn] +14) = (1 —exp{—2""""})(1 + o(1)).

When i = O(1), the assertion of Theorem 1.3 is a straight-forward consequence of Theo-
rem 1.2. For the case that i(n) — oo we use estimates for the first and second moments of

X(ZT;); note that {A,, < |logn]| +i} = {X(ZT;) =0}.

Finally, we also obtain the asymptotic normality for Xi(n) when ¢ tends to —oco slowly
enough.

Theorem 1.4. Ifi =i(n) — —oo and i = o(lnn), then as n — oo

X_(n) _ 9—i—lten
Remark 1.5. Up to lattice effects, Theorems 1.2 and 1.4 extend the range of i = i(n) for
which the heuristic that ZZ-(") ~n27""1 holds.

4 N(0,1).

A key novelty of our approach is that for each n we use Kingman’s coalescent to generate
a tree T(™) whose vertex degrees {deg; ) (v)}vepn) are exchangeable but otherwise have the
same law as degrees in T,. (See [2], Chapter 2 for a description of Kingman’s coalescent,
and [1], Section 2.2 for a description of the connection with random recursive trees which
we exploit in this paper.) By this we mean that if ¢ : [n] — [n] is a uniformly random
permutation then the following distributional identiy holds:

(1) (degzrin (v), v € [n]) < (degy, (o(v)), v € [n]).

We describe the trees ("), n € N in Section 3.

An essentially equivalent construction was used by Devroye [5] to study union-find trees.
In [13], Pittel related the results of [5] on union-find trees to the height of RRT’s. It is worth
mentioning that both Kingman’s coalescent and the union-find trees can be equivalently
represented as binary trees or, as we will see in Section 3, as RRT’s. Aside from the works
[5] and [13], it seems that the use of Kingman’s coalescent or of union-find trees to study
RRT’s is rare. However, it turns out to provide just the right perspective for studying high
degree vertices.

2. OUTLINE

In this section we sketch the approach used in the paper. The proofs of the theorems
relay on the computation of the moments of the FDD’s of P(™); these estimates are given
in Proposition 2.1. In particular, the proofs of Theorems 1.2 and 1.4 use the method of
moments (e.g., see [9] Section 6.1, and [3] Section 1.5).

Any FDD of P(™) can be recovered from suitable marginals of the joint distribution of
(Xi(m),... x () X(;l,)) for some i < i’ € Z. For simplicity, we focus for the moment

) =1
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on collections of variables Xi(n),...,Xi(,") for i < 4. Forr € R and a € N write (r), =
r(r—1)---(r—a+1), also let (r)o = 1. We will prove that for any non-negative integers
Qgy...,0y, a8 N — 00, we have

@) Bl T |~ IT (2 00r)" w0

i<k<i’ i<k<i!

This immediately yields Theorem 1.1.

By the linearity of expectation, proving (2) reduces to understanding the probabilities
(3) P (degyp (vg) = [logn] + iy, k € [K])
for all i1,...ix € Nand vy,...vx € [n], K € N; see Section 6 for more details.

In the standard model for RRT’s described at the beginning, degs (v) is a sum of
Bernoulli variables:

degr, (V) = Y L{usuy-
v<uln

The lack of symmetry of the degrees {degs, (v)}ye[n complicates the analysis of (3). In

proving that A,/logn *¥ 1, Devroye and Lu [0] used that {degy, (v)},e[n are negatively

orthant dependent (see [10] for a definition), which in particular means that for all S C [n]
and my,...,m, € N
(4) P (degy, (v) > m,,veS) < H P (degyp, (v) > my)

veS

and then obtained upper bounds for P (degr, (v) > clnn) for each v € [n].

One approach to studying high degrees in T;, would be to obtain matching lower bounds
for P (degT” (v) >my,veS )7 with uniform error terms even when m,, is large. Instead, we
study trees 7 mentioned in (1), above, for which we can obtain precise asymptotics for
the analogous probabilities

(5) P (degp (v) = my, v € [K]).
The core of the paper lies in Proposition 4.2, which gives precise estimates of (5) for
mi,...,mg in a suitable range. Broadly speaking, deg;m)(v) depends on a set of random

selection times S, and the first streak of heads in a sequence of |S,| fair coin flips. As
mentioned in the previous section, the degrees of 7 have the same distribution as the
degrees in T;,. Consequently, our estimation of (5) allows us to obtain the following moments
estimate.

Proposition 2.1. For all ¢ € (0,2) and K € N there is a = a(c,K) > 0 such that the
following holds. Fiz any integers i,i" with 0 < i+ log,, < i’ +log, < clnn. Then for any

non-negative integers a;, . ..,a; with a; + ...+ ay = K, we have
n n _ilae \ % _ ak —a
E (X(Ziz)ai, H (XM, | = (2 +En) H (2 (k+1)+an) (1+ o(n=)).
i<k<i! i<k<i’

Equipped with Proposition 2.1, the proofs of the theorems are straightforward. The rest
of the paper is organized as follows. In Section 3, we explain how to define the trees 7"
using Kingman’s coalescent and establish the distributional relation between T and the
RRT; see Corollary 3.4. In Section 4, we define the random sets (S,,v € T(™) and explain
their relation with degrees in T("). The proof of Proposition 4.2, which is our estimate of
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(5), is completed with the study of |S,|, which can be found in Section 5. Finally, the proof
of Proposition 2.1 is given in Section 6 and the proof of Theorems 1.2-1.4 are in Section 7.

3. RANDOM RECURSIVE TREES AND KINGMAN’S COALESCENT

In this section we give a representation of Kingman’s coalescent in terms of labelled
forests, and relate it to RRT’s. All trees in the remainder of the paper are rooted, and we
write r(t) for the root of tree t. By convention, edges of a tree are directed towards the root
of the tree and we write uv to denote an edge directed from u to v. A forest f is a set of
trees whose vertex sets are pairwise disjoint. The vertex set of a forest, denoted V' (f), is
the union of the vertex sets of its trees. Similarly, F(f) denotes the set of edges in the trees
of f. Forn > 1, let

Fo=A{f:V(f) =]}
be the set of forests with vertex set [n].

A sequence C' = (f1,..., fn) of elements of F,, is an n-chain if f; is the forest in F,, with

n one-vertex trees and, for 1 < i < n, f;41 is obtained from f; by adding a directed edge
between the roots of some pair of trees in f;. If (f1,..., fn) is an n-chain then for 1 < i < n,
the forest f; consists of n + 1 — i trees, and in this case we list its elements in increasing
order of their smallest-labelled vertex as tgz), - ﬂfg_l_i.
Definition 3.1. Kingman’s n-coalescent is the random n-chain C = (Fy,..., F,) built as
follows. Independently for each 1 < i < n — 1 let {a;,b;} be a random pair uniformly
chosen from {{a,b} : 1 <a<b<n+1-—i} and let & be independent with Bernoulli(1/2)
distribution. ‘

For1 <i < n, construct Fi11 from F; as follows. If & =1 then add an edge from r(Tb(:))
to T(T,gf)) and if & = 0 then add an edge from r(T(gf)) to T(Tb(j)). The forest F;y1 consists
of the new tree and the remaining n — 1 — i unaltered trees from F;.

For an example of the process see Figure 1.

Lemma 3.2. Let CF,, be the set of n-chains of elements in F,. Then |CF,| = n!(n —1)!
and Kingman’s n-coalescent is a uniformly random element of CF,,.

Proof. Fix an n-chain (fi,..., f,) € CF,. Then
n—1

P((Fi,....Fo)=(frooi ) = [[ P (Fosr = fura|Fs = 3, 1 <G < k).
k=1

Among the (n + 1 — k)(n — k) possible oriented edges between roots of fi, there is ex-
actly one whose addition yields fry1. It follows that the k-th term in the above product
is (n+1—=k)(n—k)"", so P((Fr,....,F) = (f1,.--, fa)) = [nl(n—1)]"". The result
follows since this expression does not depend on (f1, ..., fn) € CFp. O

Recall that Z,, is the set of increasing trees with vertex set [n]. It is not difficult to see
that |Z,,| = (n — 1)! and that a RRT is a uniformly random element of Z,.

There is a natural mapping ¢ between n-chains and increasing trees. Given an n-chain
C = (f1,..., fn), write t) := tgn) for the unique tree in f,,. Let L : E(t™) — [n —1] be
defined as follows. For each e € E(t(™), let

Lo(e) =max{i € [n—1]: e ¢ BE(tW)}.
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FIGURE 1. An example of Kingman’s n-coalescent C = (Fy,..., F,) for
n = 6. For 1 < i < n, F; has, in dotted line, the edge in E(F;11) \
E(F;). Edges are marked with their time of addition; this is the function
L defined after Lemma 3.2. In this instance, §; = &3 =8 =1,§% =§ =0
and {al,bl} = {2,5}, {ag,bg} = {1,5}, {ag,bg} = {1,4}, {a4,b4} =
{Zﬂ 3}3 {a57 b5} = {]-a 2}
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FIGURE 2. On the left a tree t(™); edges are marked with L., from which
the n-chain C = (f1,..., fn) can be recovered. On the right, the increasing
tree ¢(f1, ..., fn); it has the shape of t(™) and the vertex labels { Lo (v), v €
V(t™)}.

We think of L as a function that keeps track of the time of addition of the edges along
the n-chain C. Now, we define a vertex labelling Lo : V(t™) — [n] as follows. Let
Le(r(t™)) = 1 and for each uv € E(t(™), let

Le(u) =n+1— Lg(uv);

then Lo (u) is the number of trees in the forest just before wv is added.

Note that for each ¢ € [n — 1], the new edge in f;11 joins the roots of two trees in
fi and is directed towards the root of the resulting tree. Thus, the labels {L(e), e €
E(t™)} increase along all paths in t() towards the root r(¢(™)) and consequently, the labels
{Lc(v), v € V(t'™)} increase along root-to-leaf paths in ¢(®). This shows that relabelling
the vertices of (™) with L¢ yields an increasing tree (specifically, an element of Z,,). See
Figure 2 for an example.

Proposition 3.3. Let ¢ : CF — Z,, be defined as follows. For an n-chain C = (f1,..., fn)
let ¢(C) be the tree obtained from t™) by relabelling its vertices with L. Then ¢(C), the
push-forward of Kingman’s n-coalescent by ¢, has the law of a RRT of size n.

Proof. First, we prove that ¢ is onto. Fix an increasing tree t € Z,,. For each j € V(¢)\ {1},
let v; € V(t) be such that ju; € E(t), recall that edges are directed toward the root of ¢,
thus v; is uniquely defined. For each 1 < j <n, let e,—j41 = ju;.

Now construct an n-chain C' as follows. Let f; be the forest with n one-vertex trees. For
each 1 < i < n construct f; from f;_; by adding the edge e;_1. In other words, for each
1<i<mn,Lg(e;) =iandso Le(n+1—i) =n+1—Lg(e;) =n+1—14; also since r(t) = 1,
we have Lo (1) = 1. Consequently, ¢(C) = t.

We claim that |¢~1(t)] > n! for any t € Z,,. To see this, consider an n-chain C' and
a permutation o : [n] — [n]. Let C, be the n-chain obtained from C by permuting the
vertices in each forest of C' by o. Since Lo (v) depends only on the time of addition of its
outgoing edge (if any), it follows that ¢(C') = ¢(C,) for all permutations o. By Lemma 3.2,
this shows that ¢ is nl-to-1 and that ¢(C) is a uniform element in Z,,. O

Since ¢(C) preserves the shape of T and only relabels its vertices, the degrees in 7™
and ¢(C) are equal as multisets: {degrm) (v)}ven = {deggc)(V)}oepm). This immediately
gives the following key corollary of Proposition 3.3, on which the rest of the paper relies.
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F1GURE 3. If v is a root in Téf) UTb(j) and &; favours v, then v increases its
degree and remains a root in Fj4q.

Corollary 3.4. For all n € N, we have the following equality in distribution holds jointly
for alli € Z,

X 2 |{v € [n] : deggn (v) = [logn] +}.
We now proceed to the study of the joint distribution of the vertex degrees in 7).

4. DEGREE DISTRIBUTION: SELECTION SETS AND COIN FLIPS

By construction, the vertex degrees {degy ) (v)}ve[n] are exchangeable. Our next goal is
to explain how to approximate (5); that is, for any fixed k¥ € N and integers myq,...,mg <
21Inn, to obtain estimates for P (degpem) (v) > my, v € [k]).

The key to analyse the degrees in 7(") is to understand how the degrees of a vertex v € [n]
change in Kingman’s coalescent C = (F1, ..., F,). For any vertex v and 1 < i < n, denote
degy. (v) the number of children of v in F;. Also, we will simply write deg(v) = degp, (v) =

degpn) (v). For each 1 < i < n, if & = 1 we say that & favours the vertices of Téf), and

otherwise that it favours the vertices of Tb(j). For v € [n], let

So={ien—-1:veTP U}
For any vertex v, and 1 < i < n, degFiH(v) increases by one only if v is a root in Fj,
1 € S, and &; favours v; see Figure 3. Conversely, let p, = min{i € S, §; does not favour v},
then the first F;1; in which v is not a root is exactly ¢ = p,. In this case, in F}, 11 there is

an outgoing edge from v, and v is not a root of any subsequent forests. As a consequence,
degp, (v) = degp, (v) for p, < j < n.

Fact 4.1. For v € [n], deg(v) = degp, (v) =[Sy N [py — 1]|.

In other words, deg(v) depends only on its first streak of favourable random variables &;
with ¢ € S,. More precisely, given |S,|, the degree deg(v) is distributed as min{|S,|, G},
where G is a Geo(1/2) r.v. independent of S,,. We will see that, asymptotically, deg(v) has
a geometric distribution. More strongly, for any fixed k, the following proposition shows
that the variables {degz ) (v) },e[x] are asymptotically independent, even when conditioned
to be quite large.

Proposition 4.2. Fiz ¢ € (0,2) and k € N. There ezxists a« = a(c,k) > 0 such that
uniformly over positive integers my,...,my < clnn,

P (degron (v) > my, v € [k]) = 27 20 ™ (1 + o(n~®)).
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In this section we obtain the upper bound in Proposition 4.2 and explain what are the
estimates needed to obtain the lower bound. In particular, we will require tail bounds for
the random variables |S,|; this will be developed in Section 5.

Lemma 4.3. For any k € N and positive integers my,...,mi <n,
P (deg(v) > my, v € [k]) <2720 ™ P (|S,y| > my, v € [K]).
Equality holds for k = 1.

Proof. For each v € [k] list S, in increasing order as (i, ;, 1 < j < |S,|). Let A be the set
of sequences A = (Ay,..., Ax) satisfying A, C [n — 1] and |4,| = m, for all v € [k]. For
every A € A, let D, be the event that |S,| > m, and {iy1,...,%.m, } = Ay, for all v € [k].
By Fact 4.1, if deg(v) > m,, then necessarily |S,| > m, so

{deg(v) > my, v € [k]} N D = {&, , favours v for all j € [m,], v € [k]} N Da.
Now, &; are i.i.d Bernoulli(1/2) r.v.’s. Thus, if D4 has positive probability then

2= 2.meif |4, N A, =0,V k

P (&, , favours v for all j € [m,], v € [k]|Da) :{0 if| | u# v ek

' 0.W.

The second case follows from the fact that if i € S, NS, for some u # v, then §; cannot
favour both u and v. The events (D4, A € A) are pairwise disjoint, and if deg(v) > m,, for
all v € [k] then one of the events D4 must occur. It follows that

P (deg(v) > my, v € [k]) = Y P (Da, deg(v) > my, v € [k])
AeA

< Z 9= 20 Mo P (D,)
AeA

=27 20" P (|8, > my, v € [K]).
The second line holds with equality when k& = 1; we get the desired upper bounds. O

For the lower bounds we restrict to events D4 where the sets A, are already disjoint. To
do so, we consider instead the vertex degrees in F; for some I < n. For k > 2 let

T = min{i € [n — 1] : {a;,b;} C [K]}.
Since F; C F} for all ¢ < j € [n] we have that for any I < n
P (deg(v) > my, v € [k]) > P (degp, , (v) > my, v € [K])
(6) >P (1 < i, degp, ,, (v) = m,, v € [k]) .

Recall that trees in F; are listed in increasing order of their least elements; this implies
that indices of the trees of vertices 1,...,k do not change until two trees indexed by a,b <

k are merged. Therefore, for all v € [k], v € Téi) for ¢+ < 7. This implies the sets
{8y N [mx — 1], v € [k]} are pairwise disjoint. These observations allow us to obtain a lower
bound analogous to Lemma 4.3.

Lemma 4.4. For any positive integers k > 2 and mq,...,mg, I <n,

P (deg(v) > my, v € [k]) > 2720 ™ P (I < 7, |S, N [I]] > my,v € [k]).
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Proof. By (6), it suffices to bound P (I < Ty, degp,,, (V) > my, v € [k])

Let A* be the set of sequences A = (Ay,...,A;) of pairwise disjoint subsets of [I]
satisfying |A,| = m, for all v € [k]. For each A € A*, let D4 be the event that for all
v € k], {ivj,.. . ium, } = Ay (and so |S, N [I]] > my).

As in the proof of Lemma 4.3, we have that

{degp,,, (v) = my, v € [k]} N Da = {&, ; favours v for all j € [m,], v € [k]} N Dy.
In this case, the sets A, are pairwise disjoint. If P (D4) > 0 then
P (&, , favours v for all j € [m,], v € [k]|Da) =2~ 2y M,
Recall that I < 7, if and only if the sets {S, N[I], v € [k]} are pairwise disjoint; that is,

if one of the events D4 occur. We then have

P (I < 7k, degp,,, (V) = my, v E [k]) = ZA P (DA, degp,,, (v) > my, v € [k])
AcA*

= Z 272“mvP(DA)
AcA*

=2~ X P (I <7, Sy N[I]| > me, vE[K]). O

To use Lemma 4.4 we need tail bounds for |S, N [I]| for some suitable I < n; these are
provided by the following proposition.

Proposition 4.5. Let ¢ € (0,2) and € € (0,1) satisfy ¢ < 2(1 —¢). Then there exists
B = B(c,e) > 0 such that for any vertex v,

P (IS, N[n — [n]]] < clnn) = o(n=?).

The proof of this proposition is given in the next section. The following lemma is the
last ingredient for Proposition 4.2.

Lemma 4.6. Fiz an integer k > 2 and let € € (0,1). Then, for n large enough,
2k>
P(r; <m—[n]) < =1
Proof. By the definition of 7y, if 7, > n—[n°]| then {a;,b;} ¢ [k] foralll <i <n—[n°]. The
events that {a;,b;} ¢ [k] are independent for distinct ¢ and P ({a;,b;} C [k]) = %,
so we have that

n—[n®] n—[n®]

k(k —1 2k
P(r,>n—[n°]) = H (1(71—&—1(—2')(71—2'))21 Z (n—1i)?

i=1 i=1

The last inequality holds for n large enough. Since Z;’imj_z < f;;_l r72dr = (m— 1)1,
we get
n—[n®]
P(r, <n—[n°]) < Z

i=1

2k? = 2k? 2k?
_ < A — m
CENEIP PR il T

We finish this section with the proof of Proposition 4.2 assuming Proposition 4.5.
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Proof of Proposition 4.2. Fix ¢ € (0,2), k € N and let my,...,my < clon be positive
integers. Let ¢ = (2 — ¢)/4 so that Proposition 4.5 holds for some S3(c) = S(¢,e) > 0. For
k =1, the result follows from the equality in Lemma 4.3 and Proposition 4.5 since

P (|Si| <my) <P(|SiN[n—[n]]] < clnn) = o(n™?).

For k£ > 2, the upper bound is likewise established immediately by Lemma 4.3. For the
lower bound, letting I = n — [n°], by Lemma 4.6 and Proposition 4.5 we have

P(I <7, |SoN[I]|>Zmy,ve[k]) >1-P{I >1)— Z P (|S, N[I]] < my) > 1—0(n™%),
veE k]

where o = min{g,e}. By Lemma 4.4, it follows that
P (deg(v) > my, v € [K]) = 27 20 ™ (1 4 o(n™%)),
as required. 0

We now proceed to the proof of Proposition 4.5.

5. SIZES OF SELECTION SETS: A STICK-BREAKING PROCESS

In this section we study the sizes of the selection sets |S,|, v € [n]. More precisely
we obtain tail bounds for |S, N [n — [n]]| for € € [0,1). Recall that vertices in T are
exchangeable and so it suffices to consider S;. Also, trees in F; are ordered in increasing

order of their least elements. In particular, 1 € V(T 1(2)) for all 1 <4 <n. Thus
81 = {Z S [TL — ].] 1 1e {ai7bi}};

recall that {a;,b;} is a uniformly chosen pair of distinct elements of [n 4+ 1 — 4.

Write N = |S1] and list §; = {51, S2,..., SN} so that Sy are in increasing order. For
1<k <N,let Ry =n— Sk be the number of remaining trees in Fg, y1; for convenience we
write Ry = n, and let S, =n and Ry = 0 for k£ > N. For all m, I € [n] we have the equality
of events
(7) {ISin[I]| <m} ={Sm >I}={Rm <n-—1I}.

Thus, to prove Proposition 4.5 it suffices to prove, that for ¢ € (0,2) and ¢ € (0, 1) satisfying
¢ < 2(1 —¢€), there exists 8 = (¢, ) > 0 such that

(8) P (Rl_clnnj < |'n€‘|) = 0(”’75)'

The proof of (8) occupies the remainder of the section.

For any i € [n — 1], we have P (1 € {a;,b;}) = n+2177," Consequently,
i—1 i—1 . ;
) 2 n—j—1 2(n—1)
P(si=i)=Pefad)) [[PA¢{ab)) = == =T
j=1 j=1

The probability above can be expressed as
2j
n(n—1)

where U, U’ are independent uniform r.v.’s on [0,1]. Since P (|nU] = [nU’]) = n~!, for n
large, n~'R; can be approximated with

max{|nU|, [nU’|} = [nmax{U,U"}] ~ nmax{U,U’};

P (R =j) = =P (max{[nU], [nU'|} = j|[nU] # [nU’])
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recall that max{U, U’} is Beta(2,1) distributed. Next, for all 1 < m < n, the coalescence
dynamics of (Fy,—m41,...,Fn) are precisely those of Kingman’s m-coalescent. It follows
that forall 1< k<n—-land1<j<m<n-—k,

2j

9 P (Rry1 =j|Rx = = —
( ) ( k+1 .7| k m) m(mi 1)

Thus, provided Ry is large enough, Rﬁf is approximately Beta(2, 1)-distributed.

As an aside, this argument shows that S is the result of a stick-breaking process that can
be approximated with a rescaled Poisson-Dirichlet PD(0,2) distribution (for the definition,
see [2], Section 1.3).

We now formalize this heuristic. Let (By,k > 1) be i.i.d. random variables with distri-

bution Beta(2,1). Write Qo = n and for k € N, let Qg+1 = |QrBr+1]-
Lemma 5.1. Let e € (0,1) and 1 <m <n. Then

P (Rm < ns) < P (Qm < ns) +

m
[ne]”
Proof. We prove the lemma by constructing an explicit couplling of (Qx, & > 0) and
(Rk, k > 0) as follows. Independently for each 0 < i < n let U;,W; and Y; be inde-
pendent random variables, with U; and W; taken to be Unif[0, 1]-distributed, and with the
distribution of Y; given as follows. First, P (Y; =0) =1 for ¢ € {0,1}. Next for i > 1, Y; is
such that P (Y; = j) = 25/(i(i — 1)) for ¢ € [j — 1]. Note that, conditional on [iU;] # |iW;],
max{ |[iU;], [iW;]} is distributed as Y;.

Let Qo = n, and for k > 0 let Qr11 = max{|QwUg, ], |QxWq, ]} Next, let Ry =n, and
for k > 0, given Ry,

Revr = {maX{LRkURkL [RkWr, ]} if [ReUg, ] # | RkWr, ]
k+1 —

YR, otherwise

It is straight-forward that (Qr,k > 0) has the desired distribution; for (Rg,k > 0) this
follows by (9).
Now,
P (R, < 1) <P (R <1, Qu < 1) + P (R < 17, Quu > 1)
<SP (Qum <n®) +P(Qm =0, R # Qm).-
If R, # Qm, then there is exactly one kK < m for which Ry # Qp and R; = Q; for all

1 <1 < k. For such k we then have |Qr_1Uq, ,] = |Qr-1Wg,_,]. Furthermore, if
Q. > n°, then Qr_1 > n®. Thus,

WE

P(Qn>n" R #Qm) <)Y P(Qr12>2n°, R #Q, Ri=Q1, 1 <1 <k)

£
Il
—

NE

P (Qkfl > TLE, LQk—lUQk,J = LQkflek71J)

=~
I
—

NE

p (LQk—lUQk’—IJ = LQk—lWQk—lJ‘Qk‘—l > na)

-

IN

-
S
™
_

The result follows. O
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Now, it remains to obtain tail bounds for @Q,,; these are obtained by a standard Chernoff
bound on the variables X = —In By,.

Proposition 5.2. Let ¢ € (0,2) and € € (0,1) satisfy ¢ < 2(1 —¢). Then there exists
v =7(c,e) >0 such that P (QLclnnJ < ne) <n77.

Proof. Write m = |clnn| and let 6 > 0 satisfy ¢ < 2§ < 2(1 —¢). Note that Q; = |[nBy] >
nBj —1; by induction it follows easily that @,, > nBj - -+ B,, —m. Thus, for n large enough,
Qm < n® implies
nB1By -+ By <n® +m < nt0.
Consequently,
P(Qn <n°) <P (BB By <n?).
Let X, = —In By, for £ € N. Then

P(BiBy-- By <n®) =P | Y Xz>dln

k<m

Since E[X1] = § and § > ¢/2, we have §Inn > E [Zkngk}' Also, for A < 2

2
E[*] =E [B{Y] = -/
) =B B - 5 2
therefore,
E [B{M™
PS> omn| < min PO iy poaieentn),
Pt A€(02) m A€(0,2)
The function f(A) = —=Ad + cIn(z25) is convex in (0,2) and the minimum is achieved at

A = (2 = £). Consequently, for n large enough,

P(Qn<n®) <P Z X, > dlnn | < n-(20-cin(@de/c).
k<m

It is straightforward that for ¢ € (0,2) fixed, (¢, §) = 2§ — cIn(2de/c) is, indeed, positive

for ¢/2 < § < 1. Since ¢ can be chosen as a function of ¢ and ¢, the result follows. g

Proof of Proposition 4.5. Let ¢ € (0,2) and ¢ € (0,1) satisfy ¢ < 2(1 — ¢). Writing m =
[clnn|, (7) and Lemma 5.1 gives

P (|81 N [Tl - |—7’l5-|]| < Clnn) S P(R’rn < |—7’l6—|) S 2P (an < |—n€—|) + E

— —_ ’]’LE’

the left-hand side is O(n~") by Proposition 5.2 where we take 8 = min{e,v}. The result
follows. 0

6. PROOF OF PROPOSITION 2.1

By Corollary 3.4 we can study vertex degrees in T(™) and derive conclusions about the

variables X ™| X(ZZ), i € Z. Recall that we write deg(v) = degpm) (v), for v € [n].
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Lemma 6.1. For any k € N and integers mq, ..., myg,
P (deg(u) =My, U 6 Z Z jP deg ) > My + 1[u65]7 u e [kD :
Jj= O\SSC\[H'
=j

Furthermore, for k' € N and integers myy1, ... mg1g,

P (deg(u) = my, deg(v) > my, 1 <u<k<v<k+£k)
k
—Z Z 1)7P (deg(v) > my + 1pes), v € [k +K]).

7=0 SClk]
[S|=j

Proof. The second equation follows by intersecting the event {deg(v) > m,, k <v < k+k'}
along all probabilities in the first equation. The first is straightforwardly proved using the
inclusion-exclusion principle. [l

We are now ready to prove Proposition 2.1.
Proof of Proposition 2.1. Let ¢ € (0,2) and K € N. Let ¢ < i’ be integers such that
0 <i+41log, < i +log, < clnn and let a;, ¢ < j < ¢ be non-negative integers with
a; +---ay = K. We are interested in the factorial moments E (X(Z?)ai, Hi§k<i’(X](€n))ak .

For i < k < ¢/, for each v with Z;:Zl a < v < Zf:l a; let m, = |logn| + k. Let
K' = K — ay, by Corollary 3.4 and the exchangeability of the vertex degrees of T("),

E|(XIa, [T XE)ar | = ()P (deg(u) = my, deg(v) > my, 1 <u< K <v < K)

E E lP deg ) >mv+1[’U€S]7 veE [K])a
=0 sc[K’]
|S|=l1

the last equality by Lemma 6.1. At this point we can apply Proposition 4.2 to each of the
terms. Since m,, < clnn for v € [K], there is o/ = o/ (¢, K) > 0 such that

E E ZP (deg(v) = my + 1ppeg), v € [K])
1=0 sc[K"]
|S\ !

—Z 3 (D27 R (14 o(n7))

1=0 sc[K"]
|S|=l
K
=272 (14 o(n= )Y Y (—1)2
1=0 sc[K’]

iSI<1
=2 K'=2u Mo (1 4 o(n=)).
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Using that (n)x = n (1 +o(n™1)), we get

E[(X0Da, [T (X07)ar | =25 oen =K =20 (14 o(n=2));
i<k<i’

where o = min{«/, 1}. Finally, to complete the proof, note that

K K K’
Klogn—K’—ZmU: Z (logn—mv)+2(10gn—1—mv)
v=1 v=K'+1 v=1
i'—1
:( Z +€n Qg +Z _1+8n O

7. PROOFS OF THE MAIN THEOREMS

Proof of Theorem 1.2. By Theorem 11.1.VII of [4], weak convergence in MZ* is equivalent
to convergence of FDD’s, that is, convergence of every finite family of bounded continuity
sets; see Definition 11.1.IV of [1]. For any point process £ on Z and any i € Z, we have that
Z N [i,00) is a bounded stochastic continuity set for the underlying measure of £ in M;i.
Thus, any FDD of £ can be recovered from suitable marginals of the joint distribution of
(&(i)y...,&(i —1"),&[i,00)) for some i < i’ € Z.

Let ¢ € [0,1] and (ny);>1 be an increasing sequence with ¢,, — ¢. The goal then is to
prove that, for any integers 7 < ', the joint distribution of

XM X, x
converges to the joint distribution of

Pe(i),...,Pe(i' — 1), P°[i’, 00),

that is, to the law of independent Poisson r.v.’s with parameters 2 i-1+e 2~ ~2+e g—i'+e,
We compute the limit of the factorial moments of X i(m X Z(, )1, X (>T) For any non-
negative integers a,, .. ., a;, by Proposition 2.1,
. a;r a
B | (e, TT 6| = (27%) " T (2700) " (s o))
i<k<i i<k<i
. a;r ag
N
i<k<i

as n; — 00. The limit correspond to the factorial moment

E [(Pli'00); [ (P7(K))a

i<k<i’

The result follows (by, e.g. Theorem 6.10 of [9]). O

Proof of Theorem 1.5. Since {A,, > [logn] + i} = {X(ZT;) > 0}, we need only to estimate
P (Xg;) > O). If i = O(1), then exp{—2"""n} = O(1) and so it suffices to prove that

P (Xg;) - 0) —exp{—271) 55 0
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as n — o0o. This follows from Theorem 1.2 and the subsubsequence principle. Suppose that
there exists § > 0 and a subsequence ny, for which |P (X(;f) = 0) —exp{—2""n}| > 6.
Since {ey, tr>1 is a bounded set there is a subsubseque;me ng, such that €n,, = € for
some ¢ € [0,1]. By Theorem 1.2, P (X(;Zk") = O) — exp{—27T¢}; this contradicts our
assumption on the subsequence ny. -

Now consider the case i — oo with i 4+ log,, < 2Inn. By a standard inclusion-exclusion
argument (see, e.g., [3] Corollary 1.11),

B[(x%),]

r! ’

(10) P (X(Z’? = o) =3 (-1y
r=0
and this sum has the so called alternating inequalities property; this means that partial

sums alternatively serve as upper and lower bounds for P (X (;) = O). Consequently !,

) ((xU)s) <P (X >0) <B[x1)].

(11) E {X(;Q} =

Using Proposition 2.1 and the fact that i — oo, we have that E {X(;ﬂ =27 (1 + 0o(1))
and

B x| - SB[(X0D)] =275 (4 0(1)) = (1 - exp{-274})(1 + 0(1))

The result follows. O

Proof of Theorem 1.4. We again use the method of moments. By Theorem 1.24 of [3], it
suffices to prove that, as n — oo

(12) E {(Xi(n))a} N (27i71+5n)a _ 0(27(14175")1))7

for all fixed 1 < a < b. Since i = o(Inn), we have that 271~ 1+en = n°@ . On the other
hand, by Proposition 2.1 there is a > 0 such that

E [(an))a} _ (2—1'—1+sn)a — 0(n—a2—(i+sn)a) _ n—a—i—o(l) _ O(no(l))-

Therefore, condition (12) is satisfied and the proof is complete. O
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