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Q P?/VL Questions

(1) We begin with an analogue of Conjecture 7.1 of [10] and of Conjecture 1 (a) of
[26], for the random squarings S,,. There is a unique translation and scaling under
which the image S, of S,, is centred at 0 and such that when S, is stereographically
projected to the Riemann sphere C* = CU{o0}, the image of the unbounded region
of R?\ S,, has area 1/n. Apply this transformation, and let j,, be the measure on
C* obtained by letting each connected component of C*\ S/, have measure 1/n.1!
Then ,, should converge weakly to a measure y on C* which is some version of
the Liouville quantum gravity measure (possibly the “y-unit area quantum sphere
measure with v = /8/3”, introduced in [26]). In particular, u should satisfy a
version of the KPZ dimensional scaling relation.

(2) We expect that the box-counting dimension of Sy, is a.s. well-defined and constant.
More precisely, write n, for the number of balls of radius € required to cover S».. We
expect that log n./log(1/€) — ¢ almost surely, where ¢ is non-random. Is this true?
If so, what is ¢? Is ¢ > 1?7 (Note that for the Hausdorff dimension, if (Cy,,n € N)
are measurable sets in R? then dimpaus(U, e Cn) = suppen dimpaus(Cn). Since
S, is a countable union of line segments, it follows that dimy,,(S+) = 1 almost
surely.)

(3) Let Z be the a.s. unique accumulation point of S.. Can the law of Z be explicitly
described?

(4) Write G (¢) for the graph induced by those vertices for which all incident squares
are disjoint from B(Z,€). How quickly does G (€) grow as € decreases? Relatedly,
how does the diameter of G« (€) grow? Existing results about random maps suggest
that if the diameter grows as ¢~ then the volume should grow as e~%°.

(5) The structure of Sy near Z should be independent of its structure near the root;
here is one question along these lines. Reroot G by taking one step along a
random walk path from the root, write Sy for the resulting squaring and Z for
its point of accumulation. Then recenter S, and S‘x so that Z and Z sit at the
origin. Does € 'dy(Ss N B(0,€), Soc N B(0,€)) — 0 almost surely, as € — 07 Here
dy denotes Hausdorff distance.

(6) Let e,(1),...,e,(k) be independent, uniformly random oriented edges of the con-
tacts graph R(S,), and for 1 < i < k let r,,(i) be the ratio of the side length of the
“tail square” of e,(i) to that of its “head square”. The vector (r,(i).1 < i < k)
should converge in distribution to a limit (r(i),1 < i < k), whose entries are iid.
This would be a very small first step towards establishing that the random squaring
in some sense “looks like the exponential of a Gaussian free field”.

(7) Let A,, be the adjacency matrix of G,,. The areas of squares may be calculated as
determinants of minors of A,,. However, these determinants grow very quickly, and
even finding logarithmic asymptotics seems challenging. A simpler, still challenging
project is to study the determinant of any principal minor of A,, or, equivalently,
to study the number of spanning trees of G,,.

(8) The height of Sk is 1 but its width W is random, and by considering the graph
structure near the root of G it is not hard to see that W, is an honest random
variable (rather than a.s. constant) On the other hand, duality implies that W
and 1/Wx have the same law. Can anything explicit be said about this law? In
particular, is P(Wy = 1) > 0?7

(9) Simulations suggest that for n large, S, is unlikely to contain four squares with
common intersection. Does this probability indeed tend to zero as n becomes
large? This question looks innocent. However, recall that such intersections are
the reason the function sending a rooted planar graph to its squaring is non-
invertible. A positive answer would constitute substantial progress towards proving
an asymptotic formula, conjectured by Tutte [27, Section 9], for the number of
perfect squarings with n squares.

(10) Let S, be uniformly distributed over squarings of a rectangle with n squares. Does
S, converge in distribution to S for the Hausdorff distance? This follows if the
laws of S,, and S',, are close, which would itself follow from a positive answer to
the previous question.

(11) The behaviour of the simple random walk on G is also of interest. How do
quantities such as P(X; = Xo), dg. (Xo. X¢). and #{X,,0 < s < t} scale in t?

(12) It seems likely that R(Sx) is recurrent; is it? Here is one tempting argument
for recurrence; its incorrectness was pointed out to us by Ori Gurel-Gurevich. By
Lemma 4.5, R(Sx) may be viewed as a subgraph of D2 . Since Dy is recurrent, so
is D2 ; then conclude via Rayleigh monotonicity. The problem with the argument
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Next suppose that, for every even 1nteger n > 2 we have constructed a circle-
packing embedding C,, of a uniformly distributed simple triangulation with n faces.
Write V(C,) for the vertex set of C, and dy, for the graph distance on V(C,).
By Theorem 3.1, or more precisely by the extension of Theorem 3.1 to simple
triangulations found in [2], we have

(V(cn),(§)1/4n—1/4 a) £ (me, D)
2 n—oo
in the Gromov-Hausdorff sense. Note that the constant (3/2)'/% is different from

the constant 6'/4 in (1) or in Theorem 3.1, because we are dealing with simple
triangulations.

Conjecture. One can construct the circle packing embeddings C,, in such a way
that

sup ( min |1—y|) — 0

z€82 \YEV(Cn) n—00
in probability, and there exists a continuous random process (A(x,y))q yes?, which
1s nonzero outside the diagonal and such that

— 0

n—00

3 ~1/4 m
sup ‘A(l‘vy) - (5)1/471 14 dgr(‘ra y)
z,yeV(Cpn)

in probability.
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