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Introduction

Lecture notes to accompany my lectures at the 2021 CRM-PIMS prob-
ability summer school.





1
Deterministic and random combinatorial trees

1.1 Preliminaries: graph notation

An undirected graph is an ordered pair G = (V, E) where V is the set
of vertices and E ⊂ (V

2) is the set of edges. Here we write (V
2) for the It’s also often convenient to write v(G)

and e(G) for the vertex and edge sets of
graph G, and we do this as well.

set of unordered pairs of elements of V; more generally, for a set S
and a positive integer k we write(

S
k

)
= {U ⊂ S : |U| = k}

for the set of all subsets of S of size k. We often write uv for an edge
of a graph G, rather than the more correct but more cumbersome
notation {u, v}.

A path in a graph G = (V, E) is a finite sequence u0, u1, . . . , uk of
distinct vertices of G such that for all 0 ≤ i < k, uiui+1 is an edge of
G. Two vertices u, v are in the same connected component of G if there
is a path connecting u and v.

Exercise 1.1.1. Write u G↔ v if there is a path between u and v in G. Show

that G↔ is an equivalence relation.

We say G is connected if it has a single connected component;
otherwise it is disconnected.

We write Gn for the set of graphs G = (V, E) with vertex set
V = [n] := {1, 2, . . . , n}. For a finite set S we write X ∈u S to
mean that X is a uniformly random element of S .

Exercise 1.1.2. Fix a random graph G ∈u Gn. Show that

P {G is not connected} = (1 + o(1))n · 2−(n−1).

A cycle in a graph G = (V, E) is a finite sequence u0, u1, . . . , uk+1

of vertices such that u0, . . . , uk is a path (so in particular u0, u1, . . . , uk

are all distinct), and uk+1 = u0. A graph is a tree if it contains no
cycles.
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Exercise 1.1.3. Let G = (V, E) be a finite connected graph. Show that G is
a tree if and only if |E| = |V| − 1.

Exercise 1.1.4.

Let T = (V, E) be a graph. Prove that the following are equivalent.

1. T is a tree.

2. Any two vertices of T are linked by a unique path in T.

3. T is minimally connected, meaning that T is connected but removing
any edge of T disconnects the graph.

4. T is maximally acyclic, meaning T contains no cycle but for any two
non-adjacent vertices x, y ∈ T, the graph (V, E ∪ {xy}) contains a cycle.

Given a graph G = (V, E), for u, v ∈ V write dist(u, v) =

distG(u, v) for the graph distance between u and v in G; that is,
dist(u, v) is the smallest number of edges in a path connecting
u and v. (If u, v are in different connected components of G then
dist(u, v) = ∞. For u ∈ V and S ⊂ V, we also write

dist(u, S) = distG(u, S) = inf(dist(u, v) : v ∈ S)

for the distance from u to S in G.

1.2 Random combinatorial trees and forests

In this section, and in much of the rest of the paper, we consider trees
that are rooted: formally a rooted tree is a triple t = (V, E, ρ) where
(V, E) is a tree and ρ ∈ V.1 We write 1 It’s sometimes useful to write ρ(t)

rather than ρ, and we will do this when
we wish, without further comment.T unrooted

n = {t = (V, E) : t is a tree, V = [n]}

for the set of trees with vertex set [n], and

Tn = {(V, E, ρ) : (V, E) ∈ T unrooted
n and ρ ∈ V}.

Any tree in Tn can be rooted in n different ways, which implies that
|Tn| = n|T unrooted

n |. Cayley’s formula (which to the best of knowl-
edge of contemporary academics was first established by Borchardt
2) provides a very simple formula for |T unrooted

n |, or equivalently for 2

|Tn|.

Theorem 1.2.1 (Cayley’s formula). |Tn| = nn−1.

There are several proofs of Cayley’s formula in the literature: one
using so called Prüfer codes; one discovered by Joyal which considers
doubly-rooted trees (called vertebrates); one discovered by Pitman
which analyzes a coalescent process for building random trees; and
the one we present, which is new and is due to Addario-Berry and
Donderwinkel.
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Proof of Cayley’s formula. The right-hand side naturally counts se-
quences of integers v = (v1, . . . , vn−1) ∈ [n]n−1. We prove the theo-
rem by showing how to associate a rooted tree t ∈ Tn to each such
sequence.

Say that vi is a repeated entry if there is 1 ≤ j < i with vi = vj. List
the repeated entries in increasing order of index as vi(1), . . . , vi(r); so
r = r(v) is the number of repeated entries v. (If v1, . . . , vn−1 are all
distinct then r = 0.) Set i(r + 1) = n.

Since v has length n − 1, there are exactly r + 1 integers from [n]
which do not appear in v; list them in increasing order as ℓ1, . . . , ℓr+1.

Now form a tree t = t(v) with vertices [n], edges{
vivi+1 : 1 ≤ i ≤ n− 1, i+ 1 ̸∈ {i(1), . . . , i(r+ 1)}

}
∪
{

vi(j)−1ℓj, 1 ≤ j ≤ r+ 1
}

,

and root ρ = v1.
Visually, the tree is constructed as follows. Think of v as a path

graph, and remove all edges vivi+1 where vi+1 is a repeated entry; if
vi+1 is the j’th repeated entry then instead attach vi to ℓj. This breaks
the path up into pieces. To connect these pieces, glue each repeated
entry to the location where it first appears in v.

5

4

6 8

9

2

1 3 9

5 6 1 5 8 6 8 6

7

v(t)

t

Figure 1.1: A tree t and the
sequence v(t).

The graph t(v) has n vertices and n − 1 edges, so to prove t(v) is
a tree and therefore an element of Tn, by Exercise 1.1.3 it suffices to
show that it is connected. To see this, fix i ∈ [n − 1] with i > 1. If vi is
not a repeated entry then vi−1vi is an edge of t(v). If vi is a repeated
entry then let j be minimal so that vj = vi; then vj−1vi is an edge
of t(v). In either case, there is an edge from vi to vk for some k < i,
which implies by induction that for all i ∈ [n − 1] there is a path from
vi to v1. Since ℓj is attached by an edge to vi(j), it also follows that
there is a path from ℓj to v1 for all 1 ≤ j ≤ r + 1. Thus all vertices are
in the same connected component as v1 and so t(v) is connected.

To show that the above construction is a bijection, we describe
its inverse. Given a rooted tree t = (V, E, ρ) ∈ Tn, define a se-
quence v(t) = (v1, . . . , vn−1) as follows. List the leaves of t in
increasing order of label as ℓ1, . . . , ℓr+1. Let t0 be the one-vertex
rooted tree containing only the root ρ of t. For 1 ≤ i ≤ r + 1, let
pi = (pi(1), . . . , pi(hi)) be the vertices on the path from ti−1 to ℓi, so
pi(1) is a vertex of ti−1 and pi(hi) = ℓi. Let ti be the forest obtained
from ti−1 by attaching the path pi. Then let

v = (v1, . . . , vn−1) = (p1(1), . . . , p1(h1 − 1), p2(1), . . . , p2(h2 − 1), . . . , pr+1(1), . . . , pr+1(hr+1 − 1)) .

Note that ρ = v1. Also, hi − 1 is the number of edges on the path
from ti−1 to ℓi, so v has

r+1

∑
i=1

hi − 1 = |E| = n − 1
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entries. Moreover, vivi+1 is an edge of t with vi = par(vi+1) if and
only if

vivi+1 ̸∈ {pj(hj − 1)pj+1(1), 1 ≤ j ≤ r},

and the repeated entries of v are precisely p2(1), . . . , pr+1(1), so Note that here it’s important to require
that vi = par(vi+1), i.e., to think of
vivi+1 as a directed edge directed away
from the root. To see this, consider the
sequence v = (1, 2, 3, 2, 5, 6); for this
sequence p1(h1 − 1) = p1(3) = 3 and
p2(1) = 2, so v3v4 = p1(3)p2(1) = 32 is
an edge of the corresponding tree.

vivi+1 is an edge of t if and only if vi+1 is not a repeated entry of v.
The remaining edges of t are the elements of the set

{pj(hj − 1)ℓj, 1 ≤ j ≤ r + 1};

they precisely join the predecessors of repeated entries of v to the
leaves ℓ1, . . . , ℓr+1, in increasing order. Thus v(t(v)) = v; these two
constructions are indeed inverses. Since we have exhibited a bijection
between Tn and [n]n−1, it follows that

|Tn| = |[n]n−1| = nn−1 .

The above bijection has nice consequences for random trees. In
what follows, for a tree t = (V, E, ρ) and vertices u, v ∈ V, write
[u, v] = [u, v]t for the unique path from u to v in t.3 For v ∈ V, write 3 [u, v] = [u, v]t: the path between

vertices u and v in tree t|v| for the graph distance from ρ to v, which equals the number of
edges of the path [ρ, v].

Proposition 1.2.2. Let T ∈u Tn and let L be a uniformly random leaf of
T. Also, let (Vi, i ≥ 1) be a sequence of independent uniformly random
elements of [n] and let I = min(i ≥ 1 : Vi ∈ {V1, . . . , Vi−1}) be the index

of the first repeated element of the sequence. Then |L|+ 1 d
= min(I, n).

Proof. Write V = (V1, . . . , Vn−1) ∈u [n]n−1. Then T = T(V) ∈u Tn.
Moreover, recalling that the repeated entries of (V1, . . . , Vn−1) are
i(1), . . . , i(r) and that i(r + 1) = n, we have min(I, n) = i(1). The first
leaf ℓ1(T) is a child of Vi(1)−1, so

|ℓ1(T)| = |Vi(1)−1|+ 1 = i(1)− 1 = min(I, n)− 1.

But since T is a uniformly random tree, randomly permuting its
leaf labels does not change its distribution, so |ℓ1(T)| has the same
distribution as |L| for L a uniformly random leaf of T.

Exercise 1.2.1. Let T ∈u Tn and let L be a uniformly random leaf of T.
Show that for all 1 ≤ k < n − 1,

P {|L| > k} =
k

∏
i=1

(
1 − i

n

)
Exercise 1.2.2. Say that rooted tree t is binary if every non-leaf node has
exactly two children. Say that a sequence v = (v1, . . . , vn−1) ∈ [n]n−1 is
binary if every integer u ∈ [n] which appears in v appears exactly twice.
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(a) Fix an odd positive integer n = 2m + 1. Show that the set Bn of rooted
binary trees with vertex set [n] is in bijective correspondence with the set
of binary sequences

{v ∈ [n]n−1 : v is binary} .

(b) Let T ∈u Bn and let L be a uniformly random leaf of T. Show that for
all 1 ≤ k < m,

P {|L| > k} =
k

∏
i=1

(
1 − i

2m − i

)

Exercise 1.2.3. (a) Let Tn ∈u Tn and let Cn be the number of children of
vertex 1 in Tn. Show that Cn converges in distribution to a Poisson(1)
random variable.

(b) Write πn for the empirical child distribution of Tn: that is,

πn =
1
n

n−1

∑
c=0

δc · |{v ∈ [n] : v has c children in Tn}| .

Show that πn converges in probability to the Poisson(1) distribution
with respect to the Prokhorov distance between probability measures.
(Suggestion: it suffices to show that for any fixed k ∈ N, πn({k}) →
P {Poisson(1) = k} in probability.)

Exercise 1.2.4. I would like to write an exercise using the fact that the
smallest-labeled and second-smallest-labeled leaves have the same height (in
distribution) to formulate a distributional identity involving the first and
second repeated elements in a sequence V = (Vi, i ≥ 1) be independent
uniformly random elements of [n]. But I’m not sure how, since the “second-
smallest-labeled leaf” may not exist - the tree may have only one leaf.

Benjamin Bonnefont suggests: conditionally on the presence of at least 2

leaves at least, one has I1
d
= I2 − I1 + Uni f orm([I1 − 1]) where the last

random variable is independent of the 1st term, conditionally on I1.

We conclude the section by extending Cayley’s formula to a for-
mula for forests with a fixed vertex set. A forest is a set of rooted trees
with pairwise disjoint vertex sets. Given a forest F = {ti, i ∈ I}, the
root set of F is the set ρ(F) := {ρ(ti), i ∈ I} of roots of its constituent
trees.

Given a set S ⊂ [n], write F S
n for the set of forests F with vertex

set [n] and root set S.4 4 Add citations for the next proposition.

Proposition 1.2.3. For any integers 1 ≤ k ≤ n and any set S ⊂ [n] with
|S| = k,

|F S
n | = knn−k−1
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Proof. Fix any sequence v = (v1, . . . , vn−k) of integers in [n] such that
v1 ∈ S. Say that vi is a repeated entry if i > 1 and either vi ∈ S or
there is 1 ≤ j < i such that vi = vj.

List the repeated entries of v in increasing order of index as
vi(1), . . . , vi(r), set i(r + 1) = n − k + 1, and list the integers from
[n] \ S which do not appear in v as ℓ1, . . . , ℓr+1 in increasing order.

Form a graph FS = FS(v) with vertices [n], root set S, and edge set

{vivi+1 : i ∈ [n− k], i+ 1 ̸∈ {i(1), . . . , i(r+ 1)}∪S}∪{vi(j)−1ℓj, 1 ≤ j ≤ r+ 1}.

Essentially the same argument as in the proof of Cayley’s formula
shows that the connected components of FS are trees and that there
are k components of FS, each containing exactly one vertex of S.
Thus, rooting each component of FS at its unique element of S turns
FS into an element of F S

n .
The inverse of this construction is also very similar to the one

in the proof of Cayley’s formula: given F ∈ F S
n , list the leaves of

F in increasing order of label as ℓ1, . . . , ℓr+1. Let F0 be the k-vertex
forest containing only the root vertices S. For 1 ≤ i ≤ r + 1, let
pi = (pi(1), . . . , pi(hi)) be the path from Fi−1 to ℓi, so pi(1) is a vertex
of Fi−1 and pi(hi) = ℓi. Let Fi be the forest obtained from Fi−1 by
attaching the path pi. Then let

v(F) = (v1, . . . , vn−1) = (p1(1), . . . , p1(h1 − 1), p2(1), . . . , p1(h2 − 1), . . . , pr+1(1), . . . , pr+1(hr+1 − 1)) .

It is straightforward to see that v(FS(v)) = v, so the construction is
bijective. It follows that

|F S
n | = |{v = (v1, . . . , vn−k) ∈ [n]n−k : v1 ∈ S}| = knn−k−1 .

1.3 Global structure: The line-breaking construction

In this section, the construction of the sequence of trees t0, . . . , tr+1

arising in the bijection from Theorem 1.2.1 is important, and it’s
useful to give ourselves a bit more notation.

For a tree t = (V, E) and a set S ⊂ V, write t⟨S⟩ for the smallest
subtree of t containing the root and all elements of S; equivalently,
this tree is the union

⋃
u∈S[ρ, u]. 5 Then the sequence of trees from 5 t⟨S⟩: the subtree of t spanned by the

root and the vertices in STheorem 1.2.1 can be expressed as ti = t⟨{ℓ1, . . . , ℓi}⟩. Also, for v ∈ t
write α(v, S) for the node w of S which minimizes dist(v, w); this
node is unique since t is a tree.

In what follows, we use the “falling factorial” notation (m)i =

m(m − 1) · . . . · (m − i + 1). Falling factorial notation.

Proposition 1.3.1. Let Tn ∈u Tn, and list the leaves of Tn in increasing
order of label as ℓ1, . . . , ℓr+1 and set ℓm = ρ(Tn) for m > r + 1. For i ≥ 1
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write Dn,i for the graph distance from ℓi to Tn⟨ℓ1, . . . , ℓi−1⟩. Then for any
positive integers k ∈ [n − 1] and g1, . . . , gk,6 6 Implicit in the next probability is the

requirement that T has at least k leaves,
though our convention about the value
of ℓm for m > r + 1 makes the formula
hold for all values of k, even k > r + 1.

P {Dn,i = gi, 1 ≤ i ≤ k} =
(n)g1+...+gk−(k−1)

ng1+...+gk+1 ·
k

∏
j=1

(g1 + . . .+ gj − (j− 1)) .

Moreover, for each 1 ≤ i ≤ r + 1, the node α(ℓi, Tn⟨ℓ1, . . . , ℓi−1⟩) is a
uniformly random non-leaf vertex of Tn⟨ℓ1, . . . , ℓi−1⟩.

Proof. Let V = (V1, . . . , Vn−1) = v(T), so that V ∈u [n]n−1 and
T = T(V) ∈u Tn. Then in order to have Dn,j = gj for each 1 ≤ j ≤ k,
it must be that i(j) = 1 + g1 + . . . + gj for each 1 ≤ j ≤ k. In turn, for
this to occur, it must be that

V1, . . . , Vg1

Vg1+2, . . . , Vg1+g2

Vg1+g2+2, . . . , Vg1+g2+g3

. . .

Vg1+...+gk−1+2, . . . , Vg1+...+gk

are all distinct (call this event A), and that

Vg1+1 ∈ {V1, . . . , Vg1}
Vg1+g2+1 ∈ {V1, . . . , Vg1+g2}

. . .

Vg1+...+gk+1 ∈ {V1, . . . , Vg1+...+gk} ;

call this event B.
The event A is that g1 + g2 + . . . + gk − (k − 1) independent ran-

dom variables, uniformly distributed on [n], are all distinct, so has
probability

P {A} =
g1+...+gk−(k−1)

∏
j=1

n − (j − 1)
n

=
(n)g1+...+gk−(k−1)

ng1+...+gk−(k−1)
.

To work out the probability of the second event we need to split into
sub-events. For 1 ≤ j ≤ k write Bj for the event that

Vg1+...+gj+1 ∈ {V1, . . . , Vg1+...+gj}.

Given that A occurs and that B1, . . . , Bj−1 occur, there are j − 1 repeti-
tions in the set

{V1, . . . , Vg1+...+gj},

and so g1 + . . . + gj − (j − 1) distinct values in that set. It follows that

P
{

Bj
∣∣ A ∩ B1 ∩ . . . ∩ Bj−1

}
=

g1 + . . . + gj − (j − 1)
n

.
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Since B =
⋂k

j=1 Bj, it follows that

P {B | A} =
k

∏
j=1

P
{

Bj
∣∣ A ∩ B1 ∩ . . . ∩ Bj−1

}
=

k

∏
j=1

g1 + . . . + gj − (j − 1)
n

.

Combining the formulas for P {A} and P {B | A} gives the identity
in the proposition.

Moreover, given that A and B occur, α(ℓi, Tn⟨ℓ1, . . . , ℓi−1⟩) =

Vg1+...+gi+1, and the conditioning precisely tells us that Vg1+...+gi+1 is
an element of {V1, . . . , Vg1+...+gi}, which is the set of non-leaf vertices
of the tree Tn⟨ℓ1, . . . , ℓi−1⟩. A uniform random variable conditioned
to lie in a particular set is uniform on that set, so α(ℓi, Tn⟨ℓ1, . . . , ℓi−1⟩)
is uniformly distributed over Tn⟨ℓ1, . . . , ℓi−1⟩.

Proposition 1.3.1 yields a distributional limit theorem for the vec-
tor of distances (Dn,i, i ≥ 1).

Corollary 1.3.2. Fix k ≥ 1 and let D = (D1, . . . , Dk) be a random vector
with density

fD(c1, . . . , ck) = exp
(
− (c1 + . . . + ck)

2

2

) k

∏
j=1

(c1 + . . . + cj) .

Then (n−1/2Dn,1, . . . , n−1/2Dn,k)
d→ D, as n → ∞.

Proof. Fix any positive integer k and any positive real values c1, . . . , ck,
and write c = c1 + . . . + ck. Then7 7 Exercise: if k = k(n) = O(n1/2) then

∏k
j=1(1 − (j − 1)/n) = (1 + o(1))e−k2/2n

(n)⌊cn1/2⌋
n⌊cn1/2⌋ =

⌊cn1/2⌋
∏
j=1

(
1 − j − 1

n

)
= (1 + o(1)) exp

(
− c2

2

)
The formula from Proposition 1.3.1 then gives that

P
{

Dn,i =
⌊

cin1/2
⌋

, 1 ≤ i ≤ k
}

= (1 + o(1)) exp
(
− c2

2

)
1
nk

k

∏
j=1

(⌊
c1n1/2

⌋
+ . . . +

⌊
cjn1/2

⌋
− (j − 1)

)
= (1 + o(1)) exp

(
− (c1 + . . . + ck)

2

2

)
1

nk/2

k

∏
j=1

(c1 + . . . + cj)

=
1 + o(1)

nk/2 fD(c1, . . . , ck) .

It follows that for any rectangle R = [a1, b1]× [a2, b2]× . . . × [ak, bk],

P
{
(n−1/2Dn,1, . . . , n−1/2Dn,k) ∈ R

}
= (1 + o(1))

∫
R

fD(c1, . . . , ck) ,

which implies convergence in distribution.
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Corollary 1.3.3. For i ≥ 1 let Jn,i be the index of α(ℓi, Tn⟨ℓ1, . . . , ℓi−1⟩) in
V(T), so α(ℓi, Tn⟨ℓ1, . . . , ℓi−1⟩) = VJn,i . Then jointly with the convergence
in Corollary 1.3.2, we have

(n−1/2 Jn,i, 1 ≤ i ≤ k) d→ ((D1 + . . . + Di−1)Ui, 1 ≤ i ≤ k) ,

where (Ui, i ≥ 1) are independent Uniform[0, 1], independent of D.

Proof. The non-leaf vertices of Tn⟨ℓ1, . . . , ℓi−1⟩ are

{Vi, 1 ≤ i ≤ Dn,1 + . . .+Dn,i−1} \ {VDn,1+1, VDn,1+Dn,2+1, . . . , VDn,1+...+Dn,i−2+1}.

There are thus Dn,1 + . . . + Dn,i−1 − (i − 2) vertices in Tn⟨ℓ1, . . . , ℓi−1⟩,
and by the theorem, Jn,i is uniformly distributed among their indices.
The claimed convergence in distribution then follows from that in
Corollary 1.3.2.

The preceding corollaries can be beautifully recast using the lan-
guage of Poisson point processes. Let P be a Poisson process on
[0, ∞) with rate λ(x) = x.8 List the points of P in increasing order 8 A Poisson process on Rd with rate

function λ : R → [0, ∞) is characterized
by two facts. First, for any rectangle
R ⊂ Rd, the number of points N(R)
of P falling in R is Poisson(

∫
R f (x)dx)-

distributed. Second, for any k ∈ N and
any disjoint rectangles R1, . . . , Rk , the
random variables (N(Ri), 1 ≤ i ≤ k) are
mutually independent.

as (Pi, i ≥ 1). Set P0 = 0 and for i ≥ 1 let Di = Pi − Pi−1. Then the
function

f(P1,...,Pk)
(p1, . . . , pk) = 1[p1<p2<...pk ]

· exp

(
−

p2
k

2

)
k

∏
i=1

pi ,

is a joint density for P1, . . . , Pk. Considering the change of variables
Di = Pi − Pi−1, writing ci = pi − pi−1, we have

f(D1,...,Dk)
(c1, . . . , ck) = f(P1,...,Pk)

(p1, . . . , pk)

= 1[p1<p2<...pk ]
· exp

(
−

p2
k

2

)
k

∏
i=1

pi

= 1[c1,...,ck>0] exp−
(
− (c1 + . . . + ck)

2

2

) k

∏
i=1

(c1 + . . . + ci).

In view of this calculation, Corollary 1.3.2 states that the branch lengths
in the bijective construction of Tn given by the proof of Cayley’s formula are
asymptotically distributed like the inter-arrival times in a Poisson process on
[0, ∞) with rate λ(x) = x.

Since Corollary 1.3.3 adds that the attachment location of the i’th
branch is asymptotically uniform over the tree Tn⟨ℓ1, . . . , ℓi−1⟩, this
means we can construct a tree which is the “distributional limit”
of Tn⟨ℓ1, . . . , ℓk⟩ from the Poisson point process as follows. Let
(Ui, i ≥ 1) be independent Uniform[0, 1] random variables, indepen-
dent of the Poisson process P. Then, starting from the line segments
([Pi−1, Pi), 1 ≤ i ≤ k), for each 1 ≤ i ≤ k identify the left endpoint
Pi−1 of the segment [Pi−1, Pi) with the point Pi−1Ui.
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It is a bit ambiguous what we mean by the “distributional limit”
of Tn⟨ℓ1, . . . , ℓk⟩. One way to give sense to this is to simply consider
matrices of pairwise distances between leaves; this perspective is
developed in the next exercise.

Exercise 1.3.1. Fix k ≥ 1. For n ≥ 1 let Tn ∈u Tn, and for i, j ≥ 1 let
dn(ℓi, ℓj) be the distance between ℓi and ℓj in Tn.

(a) Show that the matrix (n−1/2dn(ℓi, ℓj), 1 ≤ i, j ≤ k) converges in
distribution, and describe the limit in terms of the Poisson process P and
the uniform random variables (Ui, 1 ≤ i ≤ k) given above.

(b) Show that the same convergence in distribution holds if ℓ1, . . . , ℓk are
replaced by a sequence L1, . . . , Lk of independent uniformly random
samples from the leaf set of Tn. (Suggestion: since randomly permuting
the leaf labels does not change the distribution of Tn, the main step is to
show that with high probability L1, . . . , Lk are all distinct.)

For the next exercises, we need the notion of the shape of a tree.
First, by a leaf-labeled tree we mean a rooted tree t whose leaves
are labeled by {1, . . . , k}, where k is the total number of leaves, and
internal nodes are unlabeled.9 9 In a leaf-labeled tree, to distinguish

internal vertices we may canonically
assign to each internal vertex the set of
labels of its descendant leaves.

Figure 1.2: Top: a tree t. Bot-
tom: shape(t) with edges la-
beled by their lengths.

Given a labeled rooted tree t with leaves ℓ1, . . . , ℓk, the shape of t is
the leaf-labeled rooted tree shape(t) obtained from t as follows.

1. replace each maximal path containing no internal branch points
by an edge.

2. relabel leaves ℓ1, . . . , ℓk as 1, . . . , k.

3. remove the labels of all non-leaf vertices.

For each edge e of shape(t), we define the length len(e) = len(e; t) to
be the number of edges of the path in t which gives rise to edge e in
shape(t).

Exercise 1.3.2. A leaf-labeled tree is binary if the root has exactly one
child and all other non-leaf vertices have exactly two children. Show that the
number of binary leaf-labeled trees with k leaves is

(2k − 3)!! := (2k − 3) · (2k − 5) · . . . · 3 · 1 =
(2k − 2)!

(k − 1)!2k−1 .

Let

∆n =

{
x = (x1, x2, . . . , xn) :

n

∑
j=1

xj = 1, xj > 0, 1 ≤ j ≤ n
}

be the (n − 1)-dimensional simplex. For (α1, . . . , αn) ∈ ∆n, the
Dirichlet(α1, α2, . . . , αn) distribution on ∆n has density

Γ(α1 + α2 + · · ·+ αn)

Γ(α1)Γ(α2) . . . Γ(αn)
·

n

∏
j=1

xαn−1
j ,
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with respect to (n − 1)-dimensional Lebesgue measure Λn−1, where

Γ(α) =
∫ ∞

0
sα−1e−sds .

Exercise 1.3.3. (a) Show that if G1, . . . , Gm are independent and Gi is
Gamma(αi, 1)-distributed for 1 ≤ i ≤ m, and G = E1 + . . . + Em, then
(Gi

G , 1 ≤ i ≤ m) is Dirichlet(α1, . . . , αm)-distributed and is independent
of G.

(b) Show that if (X1, . . . , Xm) is Dirichlet(α1, . . . , αm)-distributed then
(X1, . . . , Xm−2, Xm−1 + Xm) is Dirichlet(α1, . . . , αm−2, αm−1 + αm)-
distributed.

(c) Let (Y1, . . . , Ym) be a Dirichlet(1, 1, . . . , 1) vector, and let I be the
index of a size-biased pick from Y1, . . . , Ym, so

P {I = i | Y1, . . . , Ym } =
Yi

Y1 + . . . + Ym
.

Relabel (Yi, i ∈ [m] \ {I}) as (Y∗
1 , . . . , Y∗

m−1). Then (Y∗
1 , . . . , Y∗

m−1, YI)
d
=

Dirichlet(1, . . . , 1, 2).

(d) Let U be Uniform[0, 1] be independent of Y1, . . . , Ym and of I. Show
that

(Y1, . . . , Ym−1, UYI , (1 − U)YI)

is Dirichlet(1, 1, . . . , 1)-distributed.

Write T (k) for the set of pairs (t, (x(e), e ∈ e(T))), where t is a
binary leaf-labeled tree with k leaves and (x(e), e ∈ e(t)) ∈ [0, ∞)e(t)

assigns non-negative lengths to the 2k − 1 edges of t.

Exercise 1.3.4. (a) Show that for any k ≥ 1, ( Pk
Pk+1

, Pk+1−Pk
Pk+1

) is Dirichlet(2k, 1)-
distributed and is independent of Pk+1.

(b) Let Tn ∈u Tn. Show that for any k ≥ 1, writing Tn,k = Tn⟨ℓ1, . . . , ℓk⟩
for the subtree of Tn spanned by the root and the k smallest-labeled ver-
tices, then

(shape(Tn,k), (len(e), e ∈ shape(Tn,k)))
d→ (Tk, (X(e), e ∈ e(Tk))) ,

where (Tk, (X(e), e ∈ e(Tk))) is a random element of T (k) with density

f (t, (x(e), e ∈ e(T))) = ∑
e∈e(T)

x(e) exp

−
(

∑
e∈e(t)

x(e)
)2/2

 .

In part (b) of the exercise, the description of (Tk, (X(e), e ∈ e(Tk)))

can be rephrased as follows. Fix any ordering (X1, . . . , X2k−1) of
(X(e), e ∈ e(Tk))). Then Tk is independent of (X1, . . . , X2k−1), and

(X1, . . . , X2k−1)
d
= G · (Y1, . . . , Y2k−1) ,
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where G has density

1
2k−1(k − 1)!

x2k−1e−x2/21[x≥0], (1.3.1)

and (Y1, . . . , Y2k−1) is Dirichlet(1, 1, . . . , 1)-distributed and is indepen-
dent of G.

Exercise 1.3.5. Show that for ℓ ≥ 0, if H is Gamma((ℓ + 1)/2, 1/2)-
distributed then G =

√
H has density

1
2(ℓ−1)/2Γ( ℓ+1

2 )
xℓe−x2/21[x≥0].

Exercise 1.3.6. [A little informal but shouldn’t be too hard to make sense
of.] Construct a sequence of binary trees with edge lengths as follows. Let Tk

consist of a single point. For k ≥ 1, let Tk be the tree obtained from Tk−1 by
attaching a line-segment of length Pk − Pk−1 to a uniform point of Tk−1 and
giving the new leaf the label k. For k ≥ 1 and e ∈ e(Tk) write len(e) for the
edge length of e in Tk. (When new leaves are attached, edges are subdivided
and their length is split accordingly.) Note that Tk has total length Pk.

(a) Show that (Tk, (len(e), e ∈ Tk)) has density Pke−P2
k /2.

(b) Show that if edge lengths are ignored, then Tk+1 is formed from Tk by
choosing a uniformly random edge, subdividing it, and attaching a leaf
with label k + 1 to the newly formed vertex.

1.4 Local structure

For a node v in a rooted tree t = (V, E, ρ), write t↑v for the subtree
of t rooted at v. The nodes of t↑v are precisely the nodes w for which
v ∈ [ρ, w].

The next proposition describes the distribution of the subtree
rooted at a typical node in a uniformly random tree.

Proposition 1.4.1. Let T ∈u Tn. Then for any v ∈ [n] and any 1 ≤ k ≤ n,

P
{
|T↑

v | = k
}
=

kk−1

k!

(
n − k

n

)n−k (n − 1)k−1

nk−1 .

Moreover, the vertex set of T↑
v , excluding v, is a uniformly random subset of

[n] \ {v} conditional on its size, and T↑
v is a uniformly random tree rooted

at v conditional on its vertex set.

Proof. Let
Tn(v, k) = {t ∈ Tn : |t↑v | = k}.

We may describe a tree t in Tn(v, k) in four steps.
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1. Specify the vertex set of t↑v .

2. Specify the tree t↑v .

3. Specify the tree t − t↑v obtained by removing t↑v from t

4. Specify the parent of v in t − t↑v .

In order to have t ∈ Tn(v, k), the vertex set of t↑v must consist of v and
k − 1 other vertices, so there are (n−1

k−1) choices for the first step.

Having chosen the vertex set of t↑v , there are then kk−2 possibilities
for t↑v by Cayley’s formula (note that the root of t↑v is always v).

Finally, having chosen the vertex set of t↑v , then there are (n −
k)n−k−1 choices for the tree t − t↑v , and (n − k) choices for the parent
of v in t − t↑v

It follows that

|Tn(v, k)| =
(

n − 1
k − 1

)
kk−2(n − k)n−k .

The first equality asserted in the proposition follows by Cayley’s

formula since P
{
|t↑v | = k

}
= |Tn(v, k)|/|Tn| and since

1
nn−1

(
n − 1
k − 1

)
kk−2(n − k)n−k =

kk−1

k!

(
n − k

n

)n−k (n − 1)k−1

nk−1 .

For the remaining assertions of the proposition, if rather than
requiring only that |t↑v | = k, we require that t↑v = t for a specific
tree t with k vertices and root v, then to fully describe t we need only
specify t − t↑v and the parent of v in t − t↑v . Thus, the number of trees
t ∈ Tn with t↑v = t is

|{t ∈ Tn : t↑v = t}| = (n − |t|) · (n − |t|)n−|t|−1 = (n − k)n−k.

The other assertions follow since this quantity depends on t only
through its size.

Corollary 1.4.2. Let T ∈u Tn. Then for fixed k, as n → ∞, for any v ∈ [n],

P
{
|T↑

v | = k
}
= (1 + o(1))

kk−1e−k

k!
.

Proof. This is immediate from the proposition since ( n−k
n )n−k =

(1 + o(1))e−k and (n − 1)k−1/nk−1 = 1 + o(1).

It is not obvious that

∑
k≥1

kk−1e−k

k!
= 1 , (1.4.1)

so that the expression on the right-hand side of the display in Corol-
lary 1.4.2 defines a probability distribution, but this is in fact the case.
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The distribution is called the Borel distribution with parameter 1, or
the Borel(1) distribution for short, so Corollary 1.4.2 says that |T↑

v |
converges in distribution to a Borel(1) random variable.

In fact, the Borel(1) distribution is the distribution of the total
number of individuals in a Poisson(1) branching process, which is
finite almost surely.10 10 Elaborate on this, here or later. . .

Exercise 1.4.1. Let T ∈u Tn. Show that for any fixed i ∈ N, as n →
∞, the vector (|T↑

j |, 1 ≤ j ≤ i) converges in distribution to a vector
of independent Borel(1) random variables. In other words, for any fixed
positive integers n1, . . . , ni

P
{
|T↑

j | = nj, 1 ≤ j ≤ i
}
→

i

∏
j=1

n
nj−1
j e−nj

nj!

as n → ∞.

Exercise 1.4.2. Fix n ∈ N, let T ∈u Tn and let L be the smallest-labeled
leaf of T. Let W ∈u [n] be independent of Tn. Write p(n) = P

{
L ∈ T↑

W

}
.

Show that p(n) → 0 as n → ∞.

We can use the distribution of a random subtree to understand the
structure of the random tree T ∈u Tn close to the root.

Proposition 1.4.3. Fix any integer k ≥ 1. Let V ∈u [n]n−1 and let T =

T(V). For 1 ≤ i < k let T∗
Vi

be the subtree of T consisting of descendants of
Vi which are not descendants of Vi+1. Then as n → ∞, the trees (T∗

i , 1 ≤
i < k) are are independent uniformly random trees conditional on their
vertex sets and the labels of their roots. Moreover, their sizes (|T∗

i |, 1 ≤ i <
k) are asymptotically independent and Borel(1)-distributed.

Proof. The fact that T∗
V1

, . . . , T∗
Vk

are independent uniformly random
trees conditional on their vertex sets and the labels V1, . . . , Vk of their
roots is immediate from the fact that T is a uniformly random tree.
We thus focus on proving that the sizes (|T∗

i |, 1 ≤ i < k) are asymp-
totically independent and Borel(1)-distributed.

Let T̂ ∈u Tn, let W ∈u [n] be independent of T̂, and let T be
obtained from T̂ be rerooting T at vertex W; then T ∈u Tn as well.

Now write V = (V1, . . . , Vn−1) = v(T), and note that W = V1. Then
T∗

V1
= T∗

W = T̂↑
W unless the smallest labeled leaf L̂ of T̂ is in T̂↑

W . For
any n1 ≥ 1 we have

P
{
|T∗

V1
| = n1

}
= P

{
|T∗

V1
| = n1, L̂ ̸∈ T̂↑

W

}
+ P

{
|T∗

V1
| = n1, L̂ ∈ T̂↑

W

}
= P

{
|T↑

W | = n1, L̂ ̸∈ T̂↑
W

}
+ P

{
|T∗

V1
| = n1, L̂ ∈ T̂↑

W

}
= P

{
|T↑

W | = n1

}
− P

{
|T↑

W | = n1, L̂ ∈ T̂↑
W

}
+ P

{
|T∗

V1
| = n1, L̂ ∈ T̂↑

W

}
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so
|P
{
|T∗

V1
| = n1

}
− P

{
|T̂↑

W | = n1

}
| ≤ P

{
L̂ ∈ T̂↑

W

}
.

It follows by Exercise 1.4.2 that∣∣∣P{|T∗
V1
| = n1

}
− P

{
|T̂↑

W | = k
}∣∣∣→ 0

as n → ∞; by Corollary 1.4.2 and since W is independent of T̂, it
follows that |T∗

V1
| is asymptotically Borel(1)-distributed.

For k > 1, we argue by induction. Let n′ = n − |T∗
V1
|, let T′ = T↑

V2
and let V′ = (V′

1, . . . , Vn′) = v(T′). If V1, . . . , Vk are all distinct, then
(V′

1, . . . , V′
k−1) = (V2, . . . , Vk) and

(T∗
V2

, . . . , T∗
Vk
) = (T′∗

V′
1
, . . . , T′∗

V′
k−1

)

Writing E for the event that V1, . . . , Vk are all distinct, then for any
integers n2, . . . , nk ≥ 1,∣∣∣P{ (|T∗

V2
|, . . . , |T∗

Vk
|) = (n2, . . . , nk)

∣∣∣ |T∗
V1
| = n1

}
− P

{
(|T′∗

V′
1
|, . . . , |T′∗

V′
k−1

|) = (n2, . . . , nk)
∣∣∣ |T∗

V1
| = n1

}∣∣∣
≤ P

{
Ec | |T∗

V1
| = n1

}
→ 0

as n → ∞, since P {E} → 0 and P
{
|T∗

V1
| = n1

}
is bounded away

from zero.
Now, for any fixed integer n1 ≥ 1, conditionally given that |T∗

V1
| =

n1, we have n′ = n − |T∗
V1
| → ∞ as n → ∞, so it follows by induction

that under this conditioning, (|T′∗
V′

1
|, . . . , |T′∗

V′
k−1

|) are asymptotically

independent and Borel(1)-distributed:

P
{
(|T′∗

V′
1
|, . . . , |T′∗

V′
k−1

|) = (n2, . . . , nk)
∣∣∣ |T∗

V1
| = k

}
→

k

∏
j=2

n
nj−1
j e−nj

nj!
.

This completes the inductive step and the proof.

Exercise 1.4.3. Let T ∈u Tn and let (V1, . . . , Vn) = v(T). List the children
of V1 in increasing order of label as U1, . . . , UC. Show that for any fixed
integers 1 ≤ b ≤ c,

P {C = c, V2 = Ub} → 1
e

1
c!

as n → ∞. (Suggestion: use Proposition 1.2.3 to estimate the degree of V1,
and argue that V2 is asymptotically a uniformly random child of V1.)

The above proposition describes the local structure of a large,
uniformly random tree near its root - it consists of a long path (an
infinite path in the n → ∞ limit) of independent uniformly random
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Borel(1)-sized trees. Exercise 1.4.3 additionally tells us that if we
order the children of each node from left to right in increasing order
of label, then for each node on the infinite path, the child through
which the infinite path continues is uniformly random. This structure
was described (in slightly different but essentially equivalent ways by
Kennedy11 and by Grimmett (1980)12. 11 https://doi.org/10.2307/

3212730,https://sci-hub.do/10.
2307/3212730
12 https://tinyurl.com/grimmett19801.5 Connected graphs beyond trees

The bijections developed above may also be used to understand the
global structure of connected graphs which contain cycles. For this
section it’s sometimes useful to allow multigraphs, which are graphs
which may have multiple edges between vertices, and may also have
loop edges. For a multigraph G = (V, E) and an edge e ∈ E, we write
mult(e) = mult(e; G) for the number of copies (the multiplicity) of
e in G. However, “graph” means “simple graph”, unless otherwise
stated. Surplus

The surplus of a connected multigraph G = (V, E) is the integer
s(G) := 1 + |E| − |V|, which is the number of edges more than a tree
that G has. The goal of this section is to describe the global structure
of random connected graphs with large size and with a fixed surplus. Core

We define a core to be a connected graph C with minimum degree
2. Given a connected graph G, the core of G, denoted C(G), is the
maximum induced subgraph of G with minimum degree 2.

Exercise 1.5.1. The core of a connected graph is unique.

Fix a core C with v(C) ⊂ [n], and write k = |v(C)|. There is
a natural bijection between the set of graphs G with v(G) = [n]
and C(G) = C, and the set of forests F

v(C)
n : given such a graph G,

form a forest in F
v(C)
n by removing all edges of C, and rooting each

connected component of the resulting graph at its unique element of
v(C). Conversely, given a forest F in F

v(C)
n , one may form a graph G

with v(G) = [n] and C(G) = C by identifying the root of each tree of
F with the vertex of C possessing the same label. It follows that

|{Graphs G : v(G) = [n], C(G) = C}| = knn−k−1,

The kernel of a connected graph G is the multigraph K(G) ob-
tained from the core C(G) by replacing all maximal length paths all
of whose internal vertices have degree 2 by edges. Note that K(G)

can have multiple edges and loops (and multiple edges which are
loops).

An important point is that for any graph G, the surplus of G, of
C(G) and of K(G) are all equal. This can be seen as follows: C(G)

https://doi.org/10.2307/3212730
https://doi.org/10.2307/3212730
https://sci-hub.do/10.2307/3212730
https://sci-hub.do/10.2307/3212730
https://tinyurl.com/grimmett1980
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can be obtained from G by repeatedly removing leaves (degree-one
vertices), and this does not change the surplus. Then, when replacing
a path of degree 2 vertices by a single edge, the number of vertices
removed is equal to the number of edges removed, so again the sur-
plus does not change.

Suppose C is a core with vertex set v(C) = V ⊂ N, and let
K = K(C) be its kernel. List the edges of K in lexicographic order as
e(1), . . . , e(m), with e(m) = (u(m), v(m)) and u(m) ≤ v(m). (Each
edge e appears in this list a number of times equal to its mult(e; K).)
Write P(i) for the path between u(i) and v(i) in C which is replaced
by the edge e(i) in K, excluding its endpoints.13 Then C may be re- 13 This means that if e(i) is actually an

edge of C then P(i) is empty; otherwise
it is non-empty. Note that only one
copy of an edge can have an empty
path, since C is simple.

covered from the kernel K together with the paths (P(i), 1 ≤ i ≤ m).
The reconstruction of C from K and the paths P(1), . . . , P(m) is not

necessarily a one-to-one map. Note that if e ∈ e(K) has multiplicity
m – say e appears in the list of edges as e(i + 1), . . . , e(i + m) – then
permuting the paths P(i + 1), . . . , P(i + m) results in an identical
reconstruction. Also, if e(i) is a loop, then there are two choices how
to list the path P(i). It follows that

|{Cores C : v(C) = V, K(C) = K}|

= ∏
e∈e(K)

2−mult(e;K)1[e loop]

mult(e; K)!
· ∑
(P1,...,Pm)

1[(P1,...,Pm) valid] . (1.5.1)

In this expression, the sum is over valid14 m-tuples of (possibly 14 By saying (P1, . . . , Pm) is valid, we
mean that (a) for any 1 ≤ i < j ≤ m
such that e(i), . . . , e(j) are copies of the
same edge, at most one of Pi , . . . , Pj
is empty, and (b) for any 1 ≤ i ≤ m,
if e(i) is a loop then Pi has at least
two vertices. This ensures that the
reconstruction results in a simple graph.

empty) paths (P1, . . . , Pm) with disjoint vertex sets whose union is
V \ v(K).

Proposition 1.5.1. Fix a kernel K with vertex set [k] and with m edges.
Then as ℓ → ∞, the number of cores C with v(C) = [ℓ] and with K(C) =
K is

(1 + o(1)) ∏
e∈e(K)

2−mult(e;K)1[e loop]

mult(e; K)!
· (ℓ− k)!ℓm−1

(m − 1)!
.

Proof. By (1.5.1), it suffices to show that the number of valid m-tuples
with disjoint vertex sets whose union is [ℓ] \ [k] is

(1 + o(1))
(ℓ− k)!(ℓ− k + 1)m−1

(m − 1)!
= (1 + o(1))

(ℓ− k)!ℓm−1

(m − 1)!
. (1.5.2)

The two expressions in (1.5.2) have the same asymptotic behaviour
for k fixed as ℓ → ∞, but the next construction more naturally relates
to the second expression, which is why we provided it.

We may form such an m-tuple (P1, . . . , Pm) as follows.

1. Choose an ordering (s1, . . . , sℓ−k) of [ℓ] \ [k]

2. Choose (i1, . . . , im−1) ∈ [ℓ− k + 1]m−1
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3. List (i1, . . . , im−1) in non-decreasing order as (i(1), . . . , i(m − 1));
set i(0) = 1 and i(m) = ℓ− k + 1.

4. For 1 ≤ j ≤ m, let Pj = si(j−1), si(j−1)+1, . . . , si(j)−1.15 15 If i(j − 1) = i(j) then Pi is empty.

Note that if 3 ≤ i1, . . . , im−1 ≤ ℓ + k − 1, and i(j) ≥ i(j − 1) + 2
for all 1 ≤ j ≤ m, then P1, . . . , Pm all contain at least two vertices, so
(P1, . . . , Pm) is valid. Therefore, if ℓ is large and i1, . . . , ik−1 are inde-
pendent, uniform samples from [ℓ − k], then with high probability
P1, . . . , Pm is valid.

If i1, . . . , im−1 are all distinct, then there are (m − 1)! different
orderings of i1, . . . , im−1, and each yields the same non-decreasing
reordering (i(1), . . . , i(m − 1)). This implies that the expression in
(1.5.2) is a lower bound on the number of valid m-tuples with disjoint
vertex sets whose union is [ℓ] \ [k].

Finally, the number of choices of (i1, . . . , im−1) ∈ [ℓ − k + 1]m−1

with at least two of i1, . . . , im−1 taking the same value or neigh-
bouring values is O((ℓ − k + 1)m−2) = O(ℓm−2) = o(ℓm−1); so
m-tuples with at least one empty path contribute a lower-order
term to the overall count. It follows that the number of valid m-
tuples (P1, . . . , Pm) with disjoint vertex sets whose union is [ℓ] \ [k]
is (1 + o(1))(ℓ− k)!(ℓ− k + 1)m−1/(m − 1)!, as required.

For positive integers n and s, write Gn,s for the set of connected
graphs with vertex set [n] and with surplus s.

Corollary 1.5.2. Fix s ≥ 2, and let C = Cℓ be a uniformly random
core with v(C) = [ℓ] and surplus s(C) = s. Then as ℓ → ∞, with
high probability K(C) is a 3-regular multigraph with 2(s − 1) vertices and
3(s − 1) edges, and for any fixed such multigraph K,

lim
ℓ→∞

P {K(Cℓ) = K} ∝ ∏
e∈e(K)

2−1[e loop]

mult(e; K)!
.

Proof. Any kernel K has minimum degree 3, and so has |e(K)| ≥
3|v(K)|/2 and surplus

1 + |e(K)| − |v(K)| ≥ 1 + |v(K)|/2.

It follows that if K has surplus s then |v(K)| ≤ 2(s − 1).
We now divide the set of cores with surplus s according to their

kernel. In what follows when we write ∑K we implicitly mean that K
is a kernel. We have

|{Cores C : v(C) = [ℓ], s(C) = s}|
= ∑

K
|{Cores C : v(C) = [ℓ], s(C) = s, K(C) = K}|

=
2(s−1)

∑
k=1

∑
K:v(K)=[k]

(
ℓ

k

)
|{Cores C : v(C) = [ℓ], s(C) = s, K(C) = [k]}| .
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A kernel with v(K) = [k] and with surplus s has m = k − 1 + s edges,
so by Proposition 1.5.1, it follows that this number is (1 + o(1)) times

2(s−1)

∑
k=1

∑
K:v(K)=[k]

s(K)=s

(
ℓ

k

)
∏

e∈e(K)

2−mult(e;K)1[e loop]

mult(e; K)!
· (ℓ− k)!ℓk+s−2

(k + s − 2)!

=
2(s−1)

∑
k=1

∑
K:v(K)=[k]

s(K)=s

∏
e∈e(K)

2−mult(e;K)1[e loop]

mult(e; K)!
· ℓ!ℓk+s−2

k!(k + s − 2)!
.

For ℓ large, the term k = 2(s − 1) dominates, due to the factor ℓk+s−2,
so this sum is in turn (1 + o(1)) times

∑
K:v(K)=[2(s−1)]

s(K)=s

∏
e∈e(K)

2−mult(e;K)1[e loop]

mult(e; K)!
· ℓ!ℓ3s−4

(2s − 2)!(3s − 4)!

= ∑
K:v(K)=[2(s−1)]

s(K)=s

∏
e∈e(K)

2−1[e loop]

mult(e; K)!
· ℓ!ℓ3s−4

(2s − 2)!(3s − 4)!
, (1.5.3)

the last equality holding since when v(K) = [2(s − 1)] and s(K) = s,
necessarily K is 3-regular and so any loop edges in K must have
multiplicity 1.

In particular, this implies that

|{Cores C : v(C) = [ℓ], s(C) = s}|
= (1 + o(1))|{Cores C : v(C) = [ℓ], s(C) = s, |v(K(C))| = 2(s − 1)}|,

which proves the first assertion of the corollary. For the second as-
sertion, it suffices to note that the terms in the sum in (1.5.3) only

depend on K via the product term ∏e∈e(K)
2
−1[e loop]

mult(e;K)! , so the probabil-
ity that the kernel equals K must be proportional to this product.

Corollary 1.5.3. Fix s ≥ 2. Then as ℓ → ∞,

|{Cores C : v(C) = [ℓ], s(C) = s}|

= (1 + o(1))
ℓ!ℓ3s−4

(2s − 2)!(3s − 4)!
· ∑

Kernels K
v(K)=[2(s−1)],s(K)=s

∏
e∈e(K)

2−1[e loop]

mult(e; K)!
.

Proof. This is immediate from (1.5.3).

The above computations now allow us to figure out the typical
core size for a large random graph with a fixed surplus. So that the
formulas don’t get too cumbersome, it’s useful to write

κ(s) =
1

(2s − 2)!(3s − 4)! ∑
Kernels K

v(K)=[2(s−1)],s(K)=s

∏
e∈e(K)

2−1[e loop]

mult(e; K)!
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so that the formula on the right-hand side of the above corollary
becomes (1 + o(1))κ(s)ℓ!ℓ3s−4.

Theorem 1.5.4. Fix any positive integer s ≥ 1. Then as n → ∞,

|Gn,s| = (1 + o(1))κ(s) · nn−2+3s/2
∫ ∞

0
x3s−3e−x2/2dx .

Moreover, if G ∈u Gn,s then

|v(C(G))|/n1/2 d→ X

where X d
=
√

Gamma( 3s−2
2 , 1

2 ) has density

1
2(3s−4)/2Γ((3s − 2)/2)

x3s−3e−x2/21[x≥0] .

Proof. We prove the theorem for s ≥ 2 and leave the case s = 1 as an
exercise. To specify a graph G in Gn,s we may first specify the vertex
set of the core, then specify the core itself, and finally specify the
trees which are attached to the core. It follows that

|{G ∈ Gn,s : |v(C(G))| = ℓ}|

= (1 + oℓ(1))
(

n
ℓ

)
· κ(s)ℓ!ℓ3s−4 · ℓnn−ℓ−1

= (1 + oℓ(1))κ(s)(n)ℓnn−ℓ−1ℓ3s−3.

We would like to argue that only terms with ℓ = O(n1/2) contribute
asymptotically to |Gn,s|. To see this, first note that using the Taylor
expansion log(1 − x) = −x + O(x2) we have

(n)ℓ = nℓ
ℓ−1

∏
i=0

(1 − i/n) = nℓ exp
(
− i2

2n
+ O

( i3

n2

))
.

For ℓ = O(n1/2) this gives

|{G ∈ Gn,s : |v(C(G))| = ℓ}| = (1 + oℓ(1))κ(s)nn−1ℓ3s−3e−ℓ2/2n

(1.5.4)
It follows that the total number of graphs G ∈ Gn,s with |v(C(G))| =
o(n1/2) is o(|Gn,s|). Next, summing over graphs G with |v(C(G))| =
Θ(n1/2) also yields the lower bound

|Gn,s| = Ω(nn−1/2+(3s−3)/2).

Also, if ω(n) is any function with ω(n) → ∞ as n → ∞, then the
upper bound (n)ℓ ≤ nℓe−ℓ(ℓ−1)/2n gives the bound

|{G ∈ Gn,s : |v(C(G))| ≥ ω(n)}|

≤ (1 + o(1))κ(s)nn−1 ∑
ℓ≥ω(n)

ℓ3s−3e−ℓ(ℓ−1)/2n

= (1 + o(1))κ(s)nn−1+(3s−3)/2 ∑
ℓ≥ω(n)

(ℓ/n1/2)3s−3e−ℓ(ℓ−1)/2n

= o(nn−1/2+(3s−3)/2) = o(|Gn,s|) .
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It follows from these bounds only graphs in Gn,s with core size
Θ(n1/2) contribute asymptotically, and therefore (1.5.4) gives

|Gn,s| = (1 + o(1))κ(s)nn−2+3s/2
∫ ∞

0
y3s−3e−y2/2dy .

When ℓ = ℓ(n) = (1 + o(1))xn1/2, equation (1.5.4) also gives

|{G ∈ Gn,s : |v(C(G))| = ℓ}| = (1 + o(1))κ(s)nn−2+3s/2x3s−3e−x2/2 .

For G ∈u Gn,s, these estimates imply that for ℓ = θ(n1/2),

P {|v(C(G))| = ℓ}

= (1 + o(1))
(

ℓ

n1/2

)3s−3
e−ℓ2/(2n) ·

(∫ ∞

0
y3s−3e−y2/2dy

)−1
.

=
(1 + o(1))

2(3s−4)/2Γ( 3s−2
2 )

(
ℓ

n1/2

)3s−3
e−ℓ2/(2n) ;

to see the second identity, one may either verify that∫ ∞

0
yke−y2/2dy = 2(k−1)/2Γ

( k + 1
2

)
,

or else note that since x3s−3e−x2/2/
∫ ∞

0 y3s−3e−y2/2dy must be a prob-
ability density on [0, ∞), it must be equal to the density from Exer-
cise 1.3.5.

Exercise 1.5.2. Fix an integer s ≥ 0, let Gn ∈u Gn,s, and list the leaves of
Gn in increasing order as (Li, i ≥ 1).16 16 Set Li = L1 when i is greater than the

number of leaves of Gn.For k ≥ 1 let Ck
n be the subgraph of Gn containing the core C(Gn)

together with the paths from Li to C(Gn) for 1 ≤ i ≤ k. Let Kk
n be the graph

obtained from Ck
n by replacing all maximal length paths all of whose internal

vertices have degree 2 by edges. For e ∈ e(Kk
n) write len(e) for the number

of edges of the path in Ck
n which gives rise to edge e in Kk

n.

(a) Prove that for all k ≥ 1 there is the joint convergence

1
n1/2 |v(C

k
n)|

d→ G

1
n1/2 (len(e), e ∈ e(Kk

n))
d→ G · (X1, 1 ≤ i ≤ 3s − 3 + 2k) ,

where G is distributed as
√

Gamma((3s − 2 + 2k)/2, 1/2) and (X1, 1 ≤
i ≤ 3s − 3 + 2k) is Dirichlet(1, 1, . . . , 1)-distributed and is independent
of G.

(b) Prove that

1
n1/2

(
|v(Ck−1

n )|
|v(Ck

n|
,
|v(Ck

n)| − |v(Ck−1
n )|

|v(Ck
n)|

)
d→ Dirichlet(3s − 4 + 2k, 1),

where the limiting vector is independent of the limit G in part (a).
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(c) Let P be a Poisson process on [0, ∞) with rate λ(t) = t. Independently
of P, let H be distributed as

√
Gamma(3s − 2)/2, 1/2, and list the

atoms of P which fall in [H, ∞) in increasing order as H =: P0 < P1 <

P2 < . . .. Prove that for all k ≥ 1, Pk is
√

Gamma((3s − 2 + 2k)/2, 1/2)-
distributed.

(d) With the notation of part (c), show that for any k ≥ 0, ( Pk
Pk+1

, Pk+1−Pk
Pk+1

)

is Dirichlet(3s − 2 + 2k, 1)-distributed and is independent of Pk+1.



2
Bienaymé trees

2.1 Plane trees and the Ulam-Harris tree

The Ulam-Harris tree U has nodes labelled by
⋃

n≥0 Nn, where N0 :=
{∅}. The node ∅ is the root. In general, a node at level n is labeled
by a string v = v1v2 . . . vn; it has parent par(v) = v1v2 . . . vn−1 and
children (vi, i ≥ 1) = (v1 . . . vni, i ≥ 1). We think of the children of
v as being born one-at-a-time: first v1, then v2 and so on. If i < j we
say vi is an older sibling of vj.

We write U =
⋃

n≥0 Nn, identifying U with the set of labels of
its nodes. (This is a bit sloppy, since the Ulam-Harris tree is not the
only graph with these node labels, but this shouldn’t cause any con-
fusion.)

A subtree of U is a set t ⊂ U with the following properties:

(a) ∅ ∈ t.

(b) If v ∈ t then par(v) ∈ t; the ancestors of v are all in t as well.

(c) If v ∈ t, v = wi then wj ∈ t for all j ≤ i; the older siblings of v are
all in t as well.

Given a subtree t of U , for v ∈ t we write c(v; t) = max(i : vi ∈
t); this is the outdegree, or number of children of v in t, and it may be
infinite. We also write tn := t ∩ Nn, and t≤n =

⋃n
m=0 tm and the like.

A subtree t ⊂ U is finite if |t| < ∞. It is locally finite if tn := t ∩ Nn

is finite for all n. Its height is ht(t) := max(n : tn ̸= ∅).
From now on, the phrase “plane tree” means “locally finite subtree

of U”, and we write T for the set of plane trees. Equivalently, a plane
tree is a rooted tree t in which each node has finitely many children,
together with a left-to-right ordering of the children of each vertex of
t. The left-to-right orderings endows the nodes of a plane tree with
a canonical labeling by strings of positive integers, as follows. The
root is labeled by ∅; recursively, the children of a node with label
i1, . . . , ik are labeled in left-to-right order by the elements of the set
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(i1, . . . , ik, i, 1 ≤ i ≤ c(v; t)). Thus, the children of the root ∅ have
labels 1, 2, . . . , c(∅; t), the children of the node with label 1 have labels
11, 12, . . . , 1c(1; t), and so forth. By identifying the nodes of a plane
tree with their vertex labels, we realize it as a subtree of the Ulam-
Harris tree.

We wish to consider random trees, and for this we need to turn
the set of trees into a measurable space.

Definition 2.1.1. For a plane tree t and an integer n ≥ 0, let [t]≤n =

{plane trees t′ : t′≤n = t≤n}.

It’s useful to also introduce the notation [ ]<n := [ ]≤n−1. The
equivalence relation [ ]≤n partitions the set of trees into countably
many equivalence classes; we let Fn = σ({[t]≤n : t ∈ T }), and let
F = σ(

⋃
n≥0 Fn). Note that [ ]≤n+1 refines [ ]≤n, which implies that

(Fn, n ≥ 0) is a filtration. Note that since [ ]≤n is an equivalence
relation, the sets [t]≤n are all atoms of Fn.)

Exercise 2.1.1. Let Ffin = σ({{t} : t ∈ T , |t| < ∞}) be the σ-algebra
generated by finite plane trees. Show that Ffin ⊂ F .

Perhaps: To a rooted tree t with vertex set [n], we associate a plane
tree using the convention that the children of each node are listed in
increasing order of label from left to right?

2.2 Plane trees and the cycle lemma

For a finite plane tree t, by the lexicographic ordering of the vertices
of T we mean the lexicographic ordering of the vertices according
to their Ulam-Harris labels. In this ordering, each vertex appears
before all its descendants, and the children of a fixed node appear in
left-to-right order.

Fix a finite plane tree t, write n = |t|, and list the vertices of t in
lexicographic order as v1, . . . , vn. Then, for i ∈ [n] let d(i) = c(vi; t),
and for 0 ≤ i ≤ n let s(i) = 1 + ∑i

j=1(d(j) − 1). The sequence
(s(0), . . . , s(n)) is called the depth-first queue process of t.

Imagine exploring the vertices of tree t in lexicographic order. At
time zero, the root of t has been discovered but no vertices have been
explored. For 1 ≤ i ≤ n, at time i, node vi is explored, and its set
of children is discovered. Then for each 0 ≤ i ≤ n, the quantity
s(i) is the number of vertices of t which have been discovered but
not yet explored. This number is positive until the whole tree has
been explored, so s(i) > 0 for 0 ≤ i < n and s(n) = 0. Moreover,
s(i + 1) ≥ s(i)− 1 for each 0 ≤ i < n, since at each step we explore
exactly one vertex and discover d(i + 1) ≥ 0 new vertices.

Conversely, suppose that (s0, . . . , sn) are non-negative integers
with s0 = 1 and sn = 0, and with si > 0 and si+1 ≥ si − 1 for each
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0 ≤ i < n. Then, writing di = si − si−1 − 1 for i ∈ [n], there is a unique
plane tree t with n vertices, such that the degrees of the vertices of t
listed in lexicographic order are (d1, . . . , dn). In other words, the tree t
can be recovered from its depth-first queue process.

Exercise 2.2.1. Show carefully that any finite plane tree t can be recovered
from its depth-first queue process.

The following combinatorial identity is fundamental for aspects of
the study of branching process. It has been rediscovered in various
forms by several researchers; the version we present here is more or
less that of Dwass1. 1 https://doi.org/10.1214/aoms/

1177704376

Proposition 2.2.1 (Dwass’s cycle lemma). Fix integers x1, x2, . . . , xn ∈
{−1, 0, 1, . . .} with x1 + . . . + xn = −r ≤ 0. For j ∈ Z and i ∈ [n] let
sj(i) = xj+1 mod n + . . . + xj+i mod n. Then there are exactly r values of
j ∈ [n] for which sk(i) > −r for all 0 < i < n.

Proof. We closely follow the proof given by Janson2. Extend the se- 2 https://doi.org/10.1214/11-PS188,
see Lemma 15.3quence (xk, k ∈ [n]) to Z by evaluating the index modulo n, so xk =

xk+in for all i ∈ Z. Then extend the definition of (s(k), 0 ≤ k ≤ n) to
Z accordingly, by setting s(k)− s(k − 1) = xk for k ∈ Z; since we fix
s(0) = 0 this uniquely determines s(k) for all k ∈ Z. More precisely,
we have

s(k) =

∑k
j=1 xj if k ≥ 0

−∑0
j=k+1 xj if k < 0 .

Since x1 + . . . + xn = −r, this implies that s(k + n) = s(k) − r for
all k ∈ Z. Note also that s(i + j) − s(i) = si(j) for all j ∈ Z and
i ∈ [n]. Next let m(k) = min−∞<j≤k s(j). Since s(j − n) = s(j) + r

for all j ∈ Z, we also have m(k) = mink−n<j≤k s(j), and moreover
m(k + n) = m(k)− r for all k ∈ Z. Note also that for all k ∈ Z, since

https://doi.org/10.1214/aoms/1177704376
https://doi.org/10.1214/aoms/1177704376
https://doi.org/10.1214/11-PS188
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s(k + 1) = s(k) + xk+1,

m(k + 1) =

m(k)− 1 if s(k) = m(k) and xk+1 = −1

m(k) otherwise.

It follows that

sk(i) > −r for all 0 < i < n ⇔ s(k + i)− s(k) > −r for all 0 < i < n

⇔ s(k + i)− s(k) + r > 0 for all 0 < i < n

⇔ s(k + i − n)− s(k) > 0 for all 0 < i < n

⇔ s(j) > s(k) for k − n < j < k

⇔ m(k − 1) > s(k)

⇔ m(k − 1) > m(k) .

Finally, since m(n) = m(0)− r and m(i + 1) ≥ m(i)− 1 for all i, there
are exactly r integers k ∈ {1, . . . , n} for which m(k − 1) > m(k). This
completes the proof.

2.3 Branching processes, Bienaymé trees and the fundamental the-
orem

Fix a probability distribution µ on R with µ(N) = 1. A Bienaymé tree
with offspring distribution µ, or a Bienaymé(µ) tree for short, is a
random plane tree T which is the family tree of a branching process
with offspring distribution. The law Bµ of T is uniquely determined
by the following property: for all h ≥ 1, for any for any plane tree t
of height at most h,

P
{

T≤h = t
}
= Bµ({t ∈ T : t≤h = t}) = ∏

v∈t≤h−1

µ(degt(v)). (2.3.1)

231

∅

321

232221

233232

A Bienaymé(µ) tree may be constructed as follows.

⋆ Start from the root (call it ∅), let X∅ have law µ.

⋆ Give ∅ children 1, . . . , X∅.

⋆ Independently for each i = 1, . . . , X∅, let Xi have law µ.

⋆ Give i children i1, i2, . . . , iXi.

⋆ Repeat forever or until done; call the resulting random tree T.

Equivalently: let (Xv, v ∈ U ) be independent with law µ. Then let T
be the random subtree of U in which the root ∅ has X∅ children and
more generally, inductively, if v ∈ T then c(v, T) := Xv.
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Exercise 2.3.1. Suppose that the random variables (Xv, v ∈ U ) are defined
on a common probability space (Ω,G, P). Show that the above construction
of T yields a G/F -measurable map from Ω to T . In other words, T is a
(T ,F )-valued random variable.

Let Zn = Zn(T) be the number of individuals of T in the n’th
generation Nn, and write |T| = ∑∞

n=0 Zn for the total number of
individuals. We say the survival occurs if Zn > 0 for all n, and oth-
erwise that say that extinction occurs. Equivalently, survival occurs if
|T| = ∞, and extinction occurs if |T| < ∞.

Theorem 2.3.1 (Fundamental theorem of branching processes). Let X
be a non-negative random variable integer random variable with distribution
µ, and let T be Bµ-distributed. Then P {|T| = ∞} > 0 if and only if one of
the following two conditions holds.

• P {X = 1} = 1

• E [X] > 1.

As a warm up, we prove the following lemma.

Lemma 2.3.2. Let X be µ-distributed. Then for all n, E [Zn] = [EX]n.

Proof. This is obviously true for n = 0. Supposing the equality holds
for a given n, we write

E [Zn+1] =
∞

∑
i=0

E [Zn+1 | X∅ = i] P {X∅ = i} .

Given that X∅ = i, the children 1, . . . , i of ∅ are each the root of an
independent copy of the whole process, so

E [Zn+1 | X∅ = i] = iE [Zn] .

We thus have

E [Zn+1] =
∞

∑
i=0

iE [Zn] P {X∅ = i} = E [Zn] · E [X] = [E [X]]n+1,

the last step by induction.

Corollary 2.3.3. If E [X] < 1 then E|T| < ∞, so P {|T| = ∞} = 0.

Proof. If E [X] < 1 then

E|T| =
∞

∑
n=0

E [Zn] =
∞

∑
n=0

(EX)n =
1

1 − E [X]
< ∞.

It follows by Markov’s inequality that P {|T| = ∞} = 0.
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Here is another approach to the above lemma which gives a little
more. For n ≥ 0 let F ◦

n = σ(Z0, . . . , Zn). Then Zn+1 = ∑v∈Tn Xv, so
for any fixed subset S of Nn,

E {Zn+1 | Tn = S} = E

{
∑
v∈S

Xv

∣∣∣∣∣ S = S

}
= ∑

v∈S
EX = |S| · EX.

The second inequality holds by linearity of expectation and since
E {Xv | S = S} = EX. Since Zn = |S|, it follows that E {Zn+1 | F ◦

n} =

Zn · EX. Therefore, if EX = 1 then (Zn, n ≥ 0) is an F ◦
n -martingale.

More generally, setting Mn = Mn(T) = Zn(T)/(EX)n, then (Mn, n ≥
0) is always an F ◦

n -martingale.

Exercise 2.3.2. With T constructed as in Exercise 2.3.1, show that Mn =

Mn(T) is a P-martingale with respect to (F ′
n), where F ′

n = σ(Xv, v ∈
U<n).

Now let F(z) = Fµ(z) = E
[
zX] = ∑∞

k=0 µ(k)zk.

Proposition 2.3.4 (Fundamental proposition of branching processes).
If P {X = 1} < 1 then

P {|T| < ∞} = min
x≥0

{F(x) = x}.

Proof. Write p = P {|T| < ∞}. We prove the proposition in two
parts: first we show that F(p) = p, and second we show that p is the
smallest non-negative solution of F(x) = x.

The proof of the first part is similar to that of the proof of the
lemma. We begin by noting that

|T| < ∞ ⇔ Zn = 0 for some n,

so

p = P

{
∞⋃

n=0
Zn = 0

}
.
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The events on the right are increasing (if Zn = 0 then Zn+1 = 0) so it
follows that

p = lim
n→∞

P {Zn = 0} .

Now write F1(x) = F(x) and for n > 1 write Fn(x) = F(Fn−1(x)), so
Fn(x) is the result of applying F to x n times.

We claim that for all n ≥ 1, P {Zn = 0} = Fn(0). When n = 1, we
have F1(0) = F(0) = P {X = 0} = P {Z1 = 0}. For larger n, we apply
the same inductive technique as in Lemma 1.

P {Zn = 0} =
∞

∑
i=0

P {Zn = 0 | Z1 = i} P {Z1 = i}

=
∞

∑
i=0

P {Zn−1 = 0}i P {X = i}

=
∞

∑
i=0

Fn−1(0)iP {X = i}

= F(Fn−1(0))

= Fn(0).

We now have
p = lim

n→∞
Fn(0).

Since Fn(0) → p and F is continuous, we also have F(Fn(0)) → F(p).
Xut F(Fn(0)) → p, so we must have p = F(p).

For the second part, suppose q is any other non-negative solution
of F(x) = x. By differentiation we see that F is non-decreasing and so
since q ≥ 0 we must have q = F(q) ≥ F(0). Repeatedly applying F we
see that we must have q ≥ Fn(0) for all n, and so q ≥ limn→∞ Fn(0) =
p.

Proof of Fundamental Theorem. We already saw that if E [X] < 1
then extinction is certain, so we assume that E [X] ≥ 1. Case (a) is
also obvious so we assume that P {X = 1} < 1. Note that F(0) =

P {X = 0} ≥ 0 and that F′′(x) > 0 for all x > 0. Also,

F′(z) = (
∞

∑
n=0

P {X = n} zn)′ =
∞

∑
n=1

nP {X = n} zn−1,

so F′(1) = ∑∞
n=1 nP {X = n} = E [X]. If E [X] > 1 then by continuity

there is x < 1 such that F(x) < x, so by the intermediate value
theorem, there is 0 ≤ y < x with F(y) = y, and we must have p < 1.
On the other hand, if E [X] = 1 then since P {X = 1} < 1 there must
be k > 1 such that P {X = k} > 0. It follows that F′′(x) > 0 for all
x > 0, so we must have F(x) > x for all 0 ≤ x < 1, and so p = 1.

Exercise 2.3.3. Let (Zn, n ≥ 0) be the generation sizes in a Bienaymé(µ)
process T. Let X be µ-distributed and write α = EX and σ2 = Var {X}.
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We suppose in this question that σ2 ∈ (0, ∞) and that α > 1. Also, write
Mn = Zn/(EX)n and let M be the a.s. martingale limit of Mn.

(a) Prove that for every n ≥ 0,

E
{

Z2
n+1

∣∣∣ Fn

}
= (EX)2Z2

n + σ2Zn.

(b) Prove that for every n ≥ 0,

E
[

Z2
n

]
= α2n +

σ2(αn − α2n)

α(1 − α)

(c) Prove that Mn → M in L2 and that Var {M} = σ2

α(α−1) .

Exercise 2.3.4. Fix λ ∈ [0, ∞), let T be a Poisson(λ) Bienaymé tree, and
let θ(λ) = P {|T| = ∞}.

(a) Show that θ(λ) is the largest real solution x of e−λx = 1 − x.

(b) Show that θ is continuous and that θ is concave and strictly positive on
(1, ∞).

(c) Show that for 0 < λ ≤ 1, θ(λ) = 0, and for λ ≥ 2, 1 − 2e−λ ≤
θ(λ) ≤ 1 − e−λ.

(d) Show that θ(λ) is increasing and λ(1 − θ(λ)) is decreasing.

(e) Show that d
dλ θ(λ) ↑ 2 as λ ↓ 1. Conclude that 2ϵ(1 − o(1)) ≤

θ(1 + ϵ) ≤ 2ϵ, the first inequality holding as ϵ ↓ 0.

2.4 Conditioning Bienaymé trees to be finite

Let µ be a probability distribution with support N, and let T be
Bienaymé(µ)-distributed. If ∑i≥0 iµ(i) > 1 then P {|T| = ∞} > 0.
What is the distribution of T conditioned to be finite?

This question only makes sense provided that p0 = µ(0) > 0;
under this condition, we may understand the conditional law by
thinking about the distribution of the number of children at the root.
Writing q = P {|T| < ∞}, then we have

P {c(∅; T) = j | |T| < ∞} =
P {c(∅; T) = j}

P {|T| < ∞} P {|T| < ∞ | c(∅; T) = j}

=
µ(j)

q
· qj.

The last equality is because if the root has j children, then each of
their subtrees must be finite in order for the whole tree to be finite.
Write µ̂ for the probability measure on N given by µ̂(j) = µ(j)qj−1.
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As a consistency check, note that

∑
j≥0

µ̂(j) = ∑
j≥0

µ(j)qj−1 = q−1Fµ(q) = q−1q = 1,

since q is a fixed point of Fµ; so µ̂ is indeed a probability measure.
Moreover, if X̂ is µ̂-distributed then

EX̂ = ∑
j≥0

jµ(j)qj−1 = F′
µ(q) < 1 ,

the last inequality holding because Fµ is convex and Fµ(t) < t for
t ∈ (q, 1).

Conditionally given that |T| < ∞ and that c(∅, T̂) = j, the children
of ∅ are themselves the roots of Bienaymé(µ) trees, conditioned to be
finite, so their offspring distribution is likewise µ̂. Continuing in this
manner, we see that conditionally given that it is finite, |T| is distributed
as a Bienaymé(µ̂) tree.

Exercise 2.4.1 (Poisson Bienaymé process duality). Fix λ > 1 and let T
be a Poisson(λ) Bienaymé tree conditioned to be finite.

(a) Show that T is a Poisson(λ(1 − θ(λ))) Bienaymé tree. (Suggestion: use
Exercise 2.3.4 (a).)

(b) Write λ = 1 + ϵ. Show that λ(1 − θ(λ)) = 1 − ϵ(1 + o(1)) as ϵ → 0.
(Suggestion: use Exercise 2.3.4 (e).)

2.5 Conditioned Bienaymé trees

Proposition 2.5.1. Fix a probability distribution µ with support N. Let
T be a Bienaymé tree with offspring distribution µ, and let (Di, i ≥ 0) be
independent µ-distributed random variables. Then for any positive integer
n,

P {|T| = n} =
1
n

P {D1 + . . . + Dn = n − 1} .

Proof. Let D be the set of degree sequences of plane trees with n
vertices, and for 0 ≤ i < n let

Di = {(di+1, . . . , dn, d1, . . . , di−1) : (d1, . . . , dn) ∈ D}.

By the cycle lemma, D0, . . . ,Dn−1 are disjoint and

n−1⋃
i=0

Di = {(d1, . . . , dn) ∈ Nn : d1 + . . . + dn = n − 1}.

Now let t be any plane tree with n vertices, and list the vertices
of t in lexicographic order as v1, . . . , vn, and list their degrees as
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d(1), . . . , d(n). Then since t is finite, taking h ≥ n − 1 in (2.3.1) gives
that

P {T = t} = ∏
v∈t

µ(degt(v))

=
n

∏
i=1

µ(d(i))

= P {(D1, . . . , Dn) = (d(1), . . . , d(n))}

Summing over degree sequences in D, it follows that

P {|T| = n} = P {(D1, . . . , Dn) ∈ D} =
1
n

n

∑
i=1

P {(D1, . . . , Dn) ∈ Di}

=
1
n

P {D1 + . . . + Dn = n − 1} ,

as required.

Let (Xi, i ≥ 1) be IID with each Xi distributed as D1 − 1, and for
n ≥ 0 let Sn = 1 + X1 + . . . + Xn. Write τ = inf(m : Sm = 0). Then by
the cycle lemma,

P {τ = n} = P {Sn = 0, Sm > 0 for 0 ≤ m < n} =
1
n

P {Sn = 0} ,

So Proposition 2.5.1 implies that P {|T| = n} = P {τ = n}. A direct
way to see this is by thinking of (S(i), i ≥ 0) as (an extension of) the
depth-first queue process of a Bienaymé tree. If the tree is infinite,
then the process goes on forever (and τ = ∞); and if the tree is finite
then its size is precisely τ.

Using the above proposition, we can verify the identity (1.4.1)
and so show that the Borel(1) distribution is an honest-to-goodness
probability distribution. In fact, we may as well show something
slightly more general. Fix λ ∈ [0, 1], let (Di, i ≥ 1) be independent
Poisson(λ) random variables, and let T be a Bienaymé tree with
Poisson(λ) offspring distribution. By the fundamental theorem of
branching processes, P {|T| < ∞} = 1. Moreover, for all k ∈ N, we
have

P {|T| = k} =
1
k

P {D1 + . . . + Dk = k − 1}

=
1
k

P {Poisson(λk) = k − 1}

=
1
k

e−λk(λk)k−1

(k − 1)!
.

Summing over k ≥ 1 yields that

1 = P {|T| < ∞} = ∑
k≥1

e−λk(λk)k−1

k!
.
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The case λ = 1 of this identity is (1.4.1). More generally, the Borel(λ) distri-
bution is the probability distribution

µ with µ(k) = e−λk(λk)k−1

k! , which de-
scribes the law of the total progeny in a
Poisson(λ) Bienaymé process.

The next exercise extends Proposition 2.5.1 to forests; you can
prove it by considering the depth-first queue process of a forest,
which is obtained by concatenating the depth-first queue processes of
its constituent trees.

Exercise 2.5.1. Let µ be a probability distribution with support N, and let
(Ti, i ≥ 1) be independent Bienaymé(µ) trees. Prove that for any 1 ≤ r ≤
n,

P {|T1|+ . . . + |Tn| = r} =
r
n

P {D1 + . . . + Dn = n − r} ,

where (D1, i ≥ 1) are independent µ-distributed random variables.

In place of the cycle lemma, one may use the following lemma to
prove Proposition 2.5.1. This lemma is weaker than the cycle lemma,
but the proof is perhaps more straightforward. The below proof of Lemma 2.5.2 is from

Remco van der Hofstad and Michael
Keane, An Elementary Proof of the Hitting
Time Theorem, American Mathematical
Monthly 115(8): 753-756, 2008. Link.

Exercise: prove this lemma from the
cycle lemma!

Exercise 2: Adapt this proof to use
only exchangeability of (Xi , i ≥ 1)
rather than assuming that (Xi , i ≥ 1) are
IID.

Lemma 2.5.2. Let (Xi, i ≥ 1) be IID random variables taking values in
{−1, 0, 1, . . .}. Fix k ≥ 0 and for n ≥ 0 let Sn = k + X1 + . . . + Xn. Then
for all n ≥ 1, writing τ0 = inf(m ∈ N : Sm = 0),

P {τ0 = n} =
k
n

P {Sn = 0}

Proof. Write Pk {·} as shorthand for the measure under which S0 = k.
We prove the theorem by induction on n. When n = k = 1 the
theorem is obvious; in that case

P1 {τ0 = 1} = P {X1 = −1} = P1 {Sn = 0} .

Also note that for all n, the case k = 0 is obvious as in that case both
sides of the equation equal zero.

Now fix n > 1 and 0 < k ≤ n. Condition on the value of X1 and
use the Markov property: given that X1 = i, the remaining steps look
like a random walk started from position k + i. After the first step, we
have n − 1 more steps to get to time n, so for k ≥ 1,

Pk {τ0 = n} =
∞

∑
i=−1

Pk+i {τ0 = n − 1} P {X1 = i} .

Since k > 0, n > 1, and i ≥ −1, we have k + i ≥ 0 and n − 1 ≥ 1, so
we can apply induction to get

Pk {τ0 = n} =
1

n − 1

∞

∑
i=−1

(k + i)Pk+i {Sn−1 = 0} P {X1 = i} .

Now we use Bayes’ formula to obtain

Pk+i {Sn−1 = 0} P {X1 = i} = Pk {X1 = i, Sn = 0} = Pk {X1 = i | Sn = 0} Pk {Sn = 0} .

https://www.win.tue.nl/~rhofstad/monthly753-756-hofstad.pdf
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Using this equality in the previous displayed equation, we see that

Pk {τ0 = n} =
1

n − 1
Pk {Sn = 0}

∞

∑
i=−1

(k + i)Pk {X1 = i | Sn = 0}

=
1

n − 1
Pk {Sn = 0} (k + Ek {X1 | Sn = 0}).

Given that Sn = 0, the average step size from starting from k must be
−k/n, so since X1, . . . , Xn are IID we must have Ek {X1 | Sn = 0} =

−k/n. Plugging this into the preceding equation we get

Pk {τ0 = n} =
1

n − 1
Pk {Sn = 0}

(
k − k

n

)
=

k
n

Pk {Sn = 0} .

We finish the section with an exercise connecting conditioned
Poisson Bienaymé processes to uniformly random trees, and another,
challenging exercise, concerning the probability of observing a given
(large) size for a critical Bienaymé tree.

Exercise 2.5.2. Fix λ > 0 and let T be a Bienaymé tree with Poisson(λ)
offspring distribution.

(a) Show that for any rooted plane tree t with n vertices, for any λ > 0,

P {T = t | |T| = n} =
1

nn−1
n!

∏v∈t) c(v; t)!
;

note that this formula does not depend on λ.

(b) Conditionally given that |T| = n, let T′ be the rooted tree obtained from
T by labeling the vertices of T uniformly at random with labels from [n]
and ignoring the plane structure. Prove that T ∈u Tn.

(c) Show that if λ = 1 then P {|T| = n} ∼ (2πn3)−1/2. (Suggestion:
Stirling’s formula.)

(d) Fix ϵ ∈ (0, 1) and let λ = 1 − ϵ. Using the formula

P {|T| = n} =
nn−1

enn!
(eϵ(1 − ϵ))n

1 − ϵ

show that3 3 By Stirling’s formula, the lower bound
is (1 + o(1))(2πn3)−1/2(1 − ϵ)n as
n → ∞.

P {|T| = n} ≥ nn−1

enn!
(1 − ϵ2)n,

that

P {|T| = n} ≤ nn−1

enn!

(
1 − ϵ2

3

)n
,
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and that

P {|T| = n} =
nn−1

enn!

(
1 − (1 + o(1))

ϵ2

2

)n
,

the final asymptotic holding as ϵ ↓ 0, uniformly in n.

Exercise 2.5.3. Fix an offspring distribution µ and write α = ∑i≥0 iµ(i).
Let T be a Bµ-distributed random tree. Assume that gcd(i > 0 : µ(i) >

0) = 1.

(a) Show that P {|T| = n} > 0 for all n sufficiently large.

(b) (Harder.) Show that if α = 1 then

lim inf
n→∞

log P {|T| = n}
n

= 0 .

2.6 Branching processes with immigration

These are very natural extensions of branching processes where at
each generation a random number of individuals “immigrate”, join-
ing the current population. The generation size process (Un)n≥0 of
a branching process with offspring distribution µ and immigration
distribution ν may be constructed as follows. Let (Xn,k, n, k ≥ 1) be
IID with law µ, and independently let (Yn, n ≥ 0) be IID with law ν.
Then set U0 = Y0 and, for n ≥ 0 let Un+1 = Yn+1 + Xn,1 + . . . + Xn,Un .
Note that this construction makes perfect sense with (Yn, n ≥ 0)
replaced by a deterministic vector y = (yn, n ≥ 0) of non-negative
integers; this will be useful below.

The next theorem characterizes when immigration leads to super-
exponential population growth.

Theorem 2.6.1 (Seneta, 1970). Let Y have law ν. If E [max(log Y, 0)] <
∞ then limn→∞ Un/αn exists and is almost surely finite. If E [max(log Y, 0)] =
∞ then limn→∞ Un/cn is almost surely infinite for all c > 0.

Lemma 2.6.2. Let (Rn, n ≥ 1) be IID and non-negative.

(a) If ER1 < ∞ then almost surely lim supn→∞
Rn
n = 0 and ∑n≥1 eRn cn <

∞ for all c ∈ (0, 1).

(b) If ER1 = ∞ then almost surely lim supn→∞
Rn
n = ∞ and ∑n≥1 eRn cn =

∞ for all c ∈ (0, 1).

Proof. Suppose ER1 < ∞ and fix any ϵ > 0. Then

∑
n>0

P {Rn ≥ ϵn} = ∑
n>0

P {R1 ≥ ϵn} ≤ 1
ϵ ∑

n≥0
P {R1 ≥ n} =

ER1

n
< ∞,

so by the first Borel-Cantelli lemma, lim supn→∞ Rn/n ≤ ϵ almost
surely, and since log(1 − a) < −a for a ∈ (0, 1), letting N0 = sup(n :
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Rn ≥ ϵn), which is almost surely finite, for all c ∈ (0, 1 − 2ϵ) we have

∑
n≥1

eRn cn < ∑
n≥1

eRn+n log(1−2ϵ)

≤ ∑
n≥1

eRn−2ϵn

≤ ∑
n≤N0

eRn−2ϵn + ∑
n>N0

e−ϵn

< ∞ .

Since ϵ > 0 was arbitrary, the first result follows.
Next suppose ER1 = ∞ and fix any C > 1. Then

∑
n>0

P {Rn ≥ Cn} = ∑
n>0

P {R1 ≥ Cn} ≥ 1
C ∑

n≥C
P {R1 ≥ n} ≥ ER1 − C

C
= ∞,

so by the second Borel-Cantelli lemma, almost surely Rn/n ≥ C
infinitely often. It follows that almost surely lim supn→∞ Rn/n ≥ C,
and for any c > 1/C,

∑
n>0

eRn cn ≥ sup
n>0

eRn cn ≥ sup
n>0

(Cc)n = ∞.

Since C > 1 was arbitrary, the second result follows.

Proof of Theorem 2.6.1. First suppose that E [max(log Y1, 0)] = ∞. Then
for all c > 0,

lim sup
n

Un

cn ≥ lim sup
n

Yncn = ∞,

the last inequality holding almost surely by Lemma 2.6.2.
Next suppose that E [max(log Y1, 0)] < ∞. Let Un,k be the number

of generation-n descendants of generation-k immigrants. Condition-
ally given Yk, Un,k is just distributed as the number of individuals in
generation n − k of a branching process started with Yk individuals.
Moreover, Un,k is independent of (Yj, j ̸= k), so if G := σ(Yn, n ≥ 1)
then

E
{

Un,k
∣∣ G} = E

{
Un,k

∣∣ Yk
}
= Ykαn−k.

Since Un = ∑n
k=0 Un,k it follows that

E
{

α−nUn
∣∣ G} = ∑

k≤n
E
{

α−nUn,k
∣∣ G}

= ∑
k≤n

Yk

αk . (2.6.1)

Lemma 2.6.2 gives that ∑k≤n
Yk
αk → ∑n≤0

Yn
αn < ∞ almost surely, so by

the conditional Fatou lemma, almost surely

E
{

lim inf
n→∞

α−nUn

∣∣∣ G} ≤ lim inf
n→∞

E
{

α−nUn
∣∣ G} = ∑

n≤0

Yn

αn < ∞.
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Thus, P {lim infn→∞ α−nUn = ∞ | G } = 0 almost surely. But then

P
{

lim inf
n→∞

α−nUn = ∞
}
= E

[
P
{

lim inf
n→∞

α−nUn = ∞ | G
}]

= 0,

so almost surely
lim inf

n→∞
α−nUn < ∞.

It remains to show that α−nUn converges almost surely. For this
we use the submartingale convergence theorem, which states that
a submartingale which is bounded in expectation converges almost
surely. We have

E {Un+1 | U1, . . . , Un,G} = αUn + Yn+1,

so (α−nUn, n ≥ 0) is a submartingale with respect to its natural
filtration given G; the fact that it is bounded in expectation (given G)
follows from (2.6.1).

There is a nice construction of branching processes with immigra-
tion within the Ulam-Harris tree. A spinal tree is a pair (t, p), where
t ∈ T and p = p0, p1, . . . is a finite or infinite path in t, starting from
the root. We write p≤n for the truncation of p at level n, so if p has at
most n nodes then p = p≤n, and otherwise p≤n = p0, p1 . . . pn.

Let X = (Xv, v ∈ U ) be IID with distribution µ. Fix a vector
y = (yn, n > 0) of non-negative integers, and another vector i =

(in, n > 0) of integers with 1 ≤ in ≤ yn + 1 for all n > 0. Let Pn =

Pn(i) := i1i2 . . . in, so Pn+1 = Pnin+1 for n ≥ 0, and let P = P0, P1, . . ..
Then define a random tree T = T(X, y, i) containing P(i), as follows.

1. Let ∅ ∈ T and let p0 = ∅.

2. For n ≥ 0, given T≤n:

• Let c(Pn; T) = yn+1 + 1. (Note that in+1 ≤ c(Pn; T) so Pn+1 ∈
Tn+1.)

• For v ∈ Tn with v ̸= Pn, let c(v; T) = Xv.

Exercise 2.6.1. The process (|Tn+1| − 1, n ≥ 0) is distributed as a branch-
ing process with immigration with offspring distribution µ and immigration
vector y.

We next introduce a sigma-field on spinal trees, much the same as we
did for the set of trees T . The set of spinal trees is

T ∗ = {(t, p) : t ∈ T , p a path in t starting at the root}.

For each n ≥ 0, for each pair (t, v) where t ∈ T and v ∈ tn, we define
an equivalence class

[(t, v)]≤n = {(t′, p′) ∈ T ∗ : t′≤n = t≤n, p′n passes through v} .
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Let F ∗
n = σ(

⋃n
m=0{[(t, p)]≤m : (t, p) ∈ T ∗}), and let F ∗ =

σ(
⋃

n≥0 F ∗
n ). The reason the definition of F ∗

n has a union over m ≤ n
is that we allow for finite paths, which may end at some level m ≤ n.
Again, (F ∗

n , n ≥ 0) is a filtration, and it is easy to see that F ∗
n refines

Fn for each n.

2.7 The Kesten-Stigum theorem

Recall that Mn = Zn/αn, and that M = lim supn→∞ Mn is the a.s.
martingale limit of Mn. The goal of this section is to prove the Kesten-
Stigum theorem, which provides necessary and sufficient conditions
for Mn to converge to M in L1.

Theorem 2.7.1 (Kesten-Stigum Theorem). Fix an offspring distribution
µ with α = ∑i≥1 iµ(i) > 1, Let T be Bµ-distributed, and let Mn and M be
defined as above. Then the following are equivalent.

(i) P {M = 0} = P {|T| < ∞}

(ii) EM = 1

(ii) ∑i≥1 µ(i) · i log i < ∞.

Remarks.

• Note that if ω is such that |T(ω)| < ∞ then Mn(ω) = 0 for all n
large, so M(ω) = 0. It follows that P {M = 0} ≥ P {|T| < ∞}.

• By the uniformly integrable martingale convergence theorem,
EMn → EM if and only if (Mn) is uniformly integrable (in which

case Mn
L1−→ M), so a fourth equivalent condition which can be

added to the Kesten-Stigum theorem is that (Mn) is UI.

To prove the Kesten-Stigum theorem we use a beautiful method
called a “spinal change of measure”. The size-biasing µ̂ of µ is the
probability distribution with µ̂(i) = iµ(i)/α. Note that if X has law µ̂

then P {X ≥ 1} = 1.
Let ν be the probability measure on Z+ defined by setting ν(i) =

µ̂(i − 1) for all i. Let X = (Xv, v ∈ U ) are independent with law µ, let
Y = (Yn, n > 0) be independent with law ν, and let U = (Un, n > 0)
be independent Uniform[0, 1] random variables, with X, Y and U
mutually independent. For n > 0 let In = ⌈(Yn + 1)Un⌉, so that In is a
uniformly random element of {1, . . . , Yn + 1}. Then write BPI∗µ for the
law of the pair (T, P) = (T(X, Y, I), P(I)), and let BPIµ be the law of
the tree T = T(X, Y, I) obtained from (T, P) by “ignoring the spine”.

Proposition 2.7.2. For any offspring distribution µ with µ(0) < 1, and
any spinal tree (t, p), for all n ≥ 0,

BPI∗µ(t≤n, p≤n) =
1

αn Bµ(t≤n).



bienaymé trees 53

Proof. Let (T, P) be constructed as above, so that

BPI∗µ(t≤n, p≤n) = P {(T≤n, P≤n) = (t≤n, p≤n)} .

Then write

P {(T≤n, P≤n) = (t≤n, p≤n)} =
n−1

∏
i=0

P {Ti+1 = ti+1, Pi+1 = pi+1 | (T≤i, P≤i) = (t≤i, p≤i)} .

Now, given that (t≤i, p≤i), in order to have Ti+1 = ti+1 and Pi+1 =

pi+1, the following must occur: pi must have the right number of
children; the correct extension of p≤i must be chosen; and all the
other nodes in ti must also have the right number of children. The
probability of all these occurring is

P {Ti+1 = ti+1, Pi+1 = pi+1 | (T≤i, P≤i) = (t≤i, p≤i)}

= µ̂(c(pi; t)) · 1
c(pi; t)

· ∏
v∈ti ,v ̸=pi

µ(c(v; t))

=
c(pi; t)µ(c(pi; t))

α
· 1

c(pi; t)
· ∏

v∈ti ,v ̸=pi

µ(c(v; t))

=
1
α ∏

v∈ti

µ(c(v; t)) ,

which combined with the two previous equations gives

BPI∗µ(t≤n, p≤n) =
n−1

∏
i=0

(
1
α ∏

v∈ti

µ(c(v; t))

)
=

1
αn Bµ(t≤n) .

Corollary 2.7.3. For all n ≥ 0,

dB̂µ|Fn

dBµ|Fn

= Mn.

Proof. For any subtree t of U , by definition,

BPIµ(t≤n) = ∑
p

BPI∗µ(t≤n, p),

where the sum is over paths p from the root to generation n in t≤n.
But the number of such paths is just |tn|. Using Proposition 2.7.2 and
the fact that Mn(t) = |tn|/αn, we thus have

BPIµ(t≤n) =
|tn|
αn Bµ(t≤n) = Mn(t) · Bµ(t≤n).

and the result follows.

Before proving the Kesten-Stigum theorem, we need one further
lemma.

Lemma 2.7.4. Either P {M = 0} = P {|T| < ∞} or P {M = 0} = 1.
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Proof. If i ∈ T1 then the subtree of T rooted at i is itself a Bµ-
branching process. Writing

M(i)
n =

1
αn−1 #{v ∈ Tn : 1 is an ancestor of v},

then M(i)
n is a martingale; writing M(i) for its almost sure limit, we

may decompose M as

M =
1
α

(
M(1)

n + . . . + M(X∅)
n

)
.

Conditionally given that X = k, the limits M(1)
n , . . . , M(k)

n are inde-
pendent copies of M, and M = 0 if and only if each of M(1)

n , . . . , M(k)
n

equals zero. Thus

p := P {M = 0} = ∑
k≥0

P {X = k} P {M = 0}k = E
[

pX
]

.

The only roots the equation s = E
[
sX] are P {|T| < ∞} and 1, so the

lemma follows.

Proof of Theorem 2.7.1. Let X have law µ, let Y have law ν where
ν(i) = µ̂(i + 1), and let L = log(Y + 1). It is easy to verify that
EL < ∞ if and only if E

[
log+ Y

]
< ∞, and

E
[
X log+ X

]
= ∑

i>0
(i log i)µ(i) = ∑

i>0
log(i)µ̂(i) = EL,

so by Theorem 2.6.1 BPIµ(M < ∞) = 1 if and only if EL < ∞, i.e. if
and only if E

[
X log+ X

]
< ∞.

We now use that

M = lim sup
n

Mn = lim sup
n

dB̂µ|Fn

dBµ|Fn

.

by Corollary 2.7.3. Since

EM =
∫

M(t)Bµ(dt) = Bµ(M),

It follows by Theorem 4.6.12 that EM = 1 if and only if BPIµ(M <

∞) = 1, which occurs if and only if E
[
X log+ X

]
< ∞.

Now, if EM = 1 we must have P {M = 0} < 1, in which case
P {M = 0} = P {|T| < ∞} by Lemma 2.7.4.

Finally, if E
[
X log+ X

]
= ∞ then BPIµ(M = ∞) = 1, and by

Theorem 4.6.12 this implies that Bµ(M = 0) = 1, or in other words,
that P {M = 0} = 1; we then have EM = 0 < 1.

Exercise 2.7.1. Fix an offspring distribution µ and write α = ∑i≥0 iµ(i).
Let T be a Bµ-distributed random tree. For k, n ≥ 0 let Cn(k) = |{v ∈ Tn :
v has k children in T}|.
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Prove that for any k ≥ 0, as n → ∞,

Cn(k)
|Tn|

1[M ̸=0]
a.s.→ µ(k)1[M ̸=0] , and

Cn(k)
αn 1[M ̸=0]

a.s.→ Mµ(k) ,

where M := lim sup Mn is the almost sure limit of the martingale Mn =

|Tn|/αn. Interpret Cn(k)
|Tn | as zero if |Tn| = 0.





3
Random graphs

3.1 The Erdős-Rényi process

We begin with the classical Erdős-Rényi processes. Write Kn for the
complete graph, i.e. the graph with vertices [n] and edges ({i, j}, 1 ≤
i < j ≤ n).

The Erdős-Rényi process (discrete time). Choose a uniformly
random permutation e1, . . . , e(n

2)
of e(Kn). For 0 ≤ m ≤ (n

2),

let G(n)
m have vertices [n] and edges {e1, . . . , em}.

The Erdős-Rényi process (continuous time). Let (Ue, e ∈ e(Kn))

be independent Uniform[0, 1] random variables. For p ∈ [0, 1]
let G(n, p) have vertices [n] and edges {e ∈ e(Kn) : Ue ≤ p}.

Note that in the continuous time process since the random vari-
ables (Ue, e ∈ e(Kn)) are exchangeable, the ordering (ei, 1 ≤ i ≤ (n

2))

of the edges of Kn in increasing order of Ue-value is a uniformly ran-
dom permutation. Thus, writing pi = Uei , the sequence of graphs
(G(n, pm), 0 ≤ m ≤ (n

2)) has the same distribution as the discrete time
Erdős-Rényi process. The next exercise contains a closely-related fact.

Exercise 3.1.1. Prove that for any p ∈ (0, 1) and 0 ≤ m ≤ (n
2), given that

|e(G(n, p))| = m, the conditional distribution of G(n, p) is the same as that
of G(n)

m .

A fair amount of this section is devoted to studying how the com-
ponent sizes and structures evolve over the course of the Erdős-
Rényi process. If we are only interested in component sizes, then
we might choose to only consider the coalescent at times when the
sizes change, or (informally) to simply ignore any edges added by
the Erdős-Rényi coalescent that fail to join distinct components. In
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the discrete time process, we may achieve this as follows. For each
0 ≤ m ≤ (n

2), let τm be the number of edges ei = {Ui, Vi}, 0 < i ≤ m

such that Ui and Vi lie in different components of G(n)
i−1. (See Fig-

ure 3.1 for an example.) Observe that

τm + 1 =

τm if G(n)
m+1 and G(n)

m have the same number of components

τm + 1 if G(n)
m+1 has one fewer component than G(n)

m .

In other words, τm increases precisely when the the endpoints of the
edge added to G(n)

m are in different components. Further, the set

{em : m ≥ 1, τm > τm−1}

contains n − 1 edges, since G(n)
0 has n components and G(n)

(n
2)

almost

surely has only one component.

G
(4)
0

τ0 = 0

G
(4)
1

τ1 = 1

G
(4)
2

τ2 = 2

G
(4)
3

τ3 = 2

G
(4)
4

τ4 = 3

Figure 3.1: An example of the
first steps of the Erdős-Rényi
coalescent. The edges which
join distinct connected com-
ponents are represented by
thicker, blue lines.

Set I1 = 0 and for 1 < k ≤ n let

Ik = inf{m ≥ 1 : τm = k − 1} .

Then for 1 < k ≤ n, the edge eIk joins distinct components of G(n)
Ik−1,

and by symmetry is equally likely to be any such edge.

3.2 Component sizes when p < 1/n.

For a graph G, and v ∈ v(G), let N(v) = NG(v) be the set of vertices
adjacent to v, and let C(v) = CG(v) be the component of G containing
v.

Exercise 3.2.1. (a) Show that in the discrete time Erdős-Rényi process, if
for some m, all components of G(n)

m have size at most s then the probabil-
ity a uniformly random edge from among the remaining edges has both
endpoints in the same component is at most (s − 1)/(n − 1).

(b) Show that for all 0 ≤ m ≤ (n
2), in G(n)

m , E|N(v)| = 2m/n.

(c) Prove by induction that for all 0 ≤ m < n/2, in G(n)
m , E|C(1)| ≤

n/(n − 2m).
(Hint. First condition on N(1), then average.)
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(d) Prove that for all k ∈ N,

P
{
|Cmax(G(n)

m )| ≥ k
}
≤ n

k
P {|C(1)| ≥ k} .

(Suggestion. Given that the largest component of G(n)
m has size s, with

probability at least s/n vertex 1 is in such a component.)

Exercise 3.2.2. This exercise is the continuous-time analogue of the previ-
ous one.

(a) Show that in the continuous-time Erdős-Rényi process, if for some
p, all components of G(n, p) have size at most s then the probability
a uniformly random edge from among the remaining edges has both
endpoints in the same component is at most (s − 1)/(n − 1).

(b) Show that for all p ∈ (0, 1), in G(n, p), E|N(v)| = (n − 1)p.

(c) Prove by induction that for all p ≤ 1/(n − 1), in G(n, p), E|C(1)| ≤
1/(1 − p(n − 1)).
(Suggestion. First condition on N(1), then average.)

(d) Prove that for all k ∈ N, in G(n, p),

P {|Cmax(G(n, p))| ≥ k} ≤ n
k

P {|C(1)| ≥ k} .

(Suggestion. Given that the largest component of G(n)
m has size s, with

probability at least s/n vertex 1 is in such a component.)

Exercise 3.2.3. Fix p ∈ (0, 1), λ > 0 and n ∈ N. Let B be Binomial(n, p)
and P be Poisson(λ).

(a) For k ∈ N let r(k) = P {B = k} /P {P = k}. Show that r(k) is
decreasing in k.

(b) Prove that if r(0) > 1 then there is k∗ ∈ N such that P {B = k} ≥
P {P = k} for k ≤ k∗ and P {B = k} < P {P = k} for k > k∗.

(c) Prove that if (1 − p)n > e−λ then B ⪯st P.

(d) Show that (1 − p) > e−p/(1−p) for p ∈ [0, 1), and conclude that if
np/(1 − p) ≤ λ then B ⪯st P.

For the next exercise, recall that the total variation distance between
two random variables X and Y is

∥X − Y∥TV := sup(|P {X ∈ S} − P {Y ∈ S} | : S ⊂ R Borel).

While not needed for the exercise, we recall that

∥X − Y∥TV = inf(P
{

X′ ̸= Y′} : (X′, Y′) is a coupling of X and Y) .
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Exercise 3.2.4. (a) Fix ϵ > 0, let X be Bernoulli(ϵ) and let Y be Poisson(ϵ).
Show that ∥X − Y∥TV ≤ 2ϵ2.

(b) Fix λ > 0 and n ∈ N+, let B be Binomial(n, λ/n) and let P be
Poisson(λ). Show that ∥B − P∥TV ≤ 2λ2/n. (Suggestion: use the fact
that total variation distance satisfies the triangle inequality.)

We can use the above exercises to start to understand compo-
nent sizes in G(n)

m and in G(n, p) in more detail. In G(n, p), by Exer-
cise 3.2.2 parts (c) and (d),

P {|Cmax(G(n, p))| ≥ k} ≤ n
k

P {|C(1)| ≥ k}

≤ n
k2 E|C(1)|

≤ n
k2(1 − p(n − 1))

. (3.2.1)

If p = p(n) = c/n with c ∈ (0, 1), this yields that for any function
ω(n) → ∞

P
{
|Cmax(G(n, p))| ≥ ω(n)n1/2

}
→ 0,

so in particular |Cmax(G(n, p))|/n → 0 in probability. In fact, we can
deduce this even for p quite close to 1/n. Fix any function ϵ(n) → 0
with nϵ(n) → ∞ and let p = (1 − ϵ(n))/n. Then 1 − p(n − 1) ≥
1 − pn = ϵ(n), so for any δ > 0, the bound (3.2.1) gives

P {|Cmax(G(n, p))| ≥ δn} ≤ 1
δ2

1
nϵ(n)

→ 0 ;

it again follows that |Cmax(G(n, p))|/n → 0 in probability.

Exercise 3.2.5. Show that if p = p(n) is any sequence of values such that
|Cmax(G(n, p))|/n → 0 in probability, then also E|Cmax(G(n, p))|/n → 0.

Though it might seem boring, it’s useful to do a third version of
this computation, with p = (1 − λn−1/3)/n and λ > 0. For this value
of p we have

1 − p(n − 1) ≥ λn−1/3 ,

so for any function ω(n) with ω(n) → ∞, we have

P
{
|Cmax(G(n, p))| ≥ ω(n)n2/3

}
≤ n

(ω(n)n2/3)2(1 − p(n − 1))
≤ 1

ω(n)2λ
→ 0 ;

so with high probability the largest component of G(n, (1−λn−1/3)/n)
has size O(n2/3).

In fact, we can even prove bounds on component sizes when
p = 1/n or when p is a little bigger than 1/n, with a bit of care.

Since for any vertex v in G(n, p), we have |N(v)| d
= Bin(n − 1, p), but

neighbourhoods may overlap, it follows that |C(v)| is stochastically
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dominated by the size of a Bienaymé process with Bin(n − 1, p) off-
spring distribution. Using the stochastic relation between Binomial
and Poisson random variables given in Exercise 3.2.3, it follows that

|C(v)| ⪯st |T|,

where |T| is a Poisson(λ) Bienaymé tree with λ = np/(1 − p). The version of the bounds given on this
page for p = (1 + ϵ)/n is cleaner and
more direct in the hand-written notes
than in the typed notes; I haven’t had
time to update these notes yet, so the
handwritten notes are better to look at
for this for the time being.

Now suppose p = (1 + ϵ)/n for ϵ ∈ (0, 1); think of ϵ as close to
zero. Then λ = (1 + ϵ)(1 + (1 + ϵ)/(n − 1 − ϵ)) < 1 + ϵ + 2(1 + ϵ)/n,
the second inequality holding for n ≥ 4.

Therefore,

P {|C(v)| ≥ s} ≤ P {|T| ≥ s}
≤ P {|T| = ∞}+ P {|T| ≥ s | |T| < ∞} .

By Exercise 2.3.4 (e) we know that

P {|T| = ∞} = θ(λ) ≤ 2(λ − 1) < 2(ϵ + 2(1 + ϵ)/n) .

Moreover, conditionally given that |T| < ∞, the tree T is distributed
as a Poisson(λ̂) Bienaymé tree, where λ̂ = λ(1 − θ(λ)) = 1 − ϵ(1 +

o(1)) as ϵ → 0, by Exercise 2.4.1 (b). If ϵ is sufficiently small that
|λ̂ − (1 − ϵ)| ≤ ϵ/2, then it follows that

P {|T| ≥ s | |T| < ∞} ≤
∞

∑
m=s

P {|T∗| = m} ,

where T∗ is a Poisson(1− ϵ/2) Bienaymé tree. Using Exercise 2.5.2 (c),
we then have

∞

∑
m=s

P {|T∗| = m} ≤
∞

∑
m=s

mm−1

emm!

(
1 − ϵ2/2

3

)m
,

≤ O(1) ·
∞

∑
m=s

1
m3/2 e−ϵ2m/6 .

When s = x/ϵ2 for x positive and bounded away from zero, this
sum is

O(ϵ) · x−1/2e−x/6.

It follows that for any δ > 0 there is x such that for all n sufficiently
large, in G(n, (1 + ϵ)/n),

P
{
|C(v)| ≥ x/ϵ2

}
≤ (2 + δ)ϵ ,

and so by Exercise 3.2.2 (d),

P
{
|Cmax(G(n, p))| ≥ x/ϵ2

}
≤ (2 + δ)

nϵ3

x
.

This bound is not useful when ϵ is too small, but a similar argu-
ment does give a bound whatever the value of ϵ. Indeed, condition-
ally given that |T| < ∞ it is distributed as a critical or subcritical
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Poisson Bienaymé tree, and for any such Bienaymé tree T∗ we have
P {|T∗| ≥ s} = O(1)/s1/2, so

P {|T| ≥ s | |T| < ∞} =
O(1)
s1/2

and we can use this to see that for any sequence ϵ(n) with ϵ(n) ≥ 0 Fill in more detail here as in handwrit-
ten notesand (1 + ϵ(n))/n ≤ 1, if p(n) = (1 + ϵ(n))/n then in G(n, p(n)), for

all s ≥ 1,

P {|Cmax| ≥ s} ≤ (2 + o(1))ϵn
s

+ O(1) · n
s3/2 .

It follows from this that if ϵ(n) = O(n1/3) then for all x ≥ 1,

P
{
|Cmax| ≥ xn2/3

}
= O(1/x) ,

and if lim infn→∞ ϵ(n)n1/3 > 0 then for all x ≥ 1,

P {|Cmax| ≥ xϵn} = O(1/x) .

Combining these bounds and using the subsubsequence principle
yields that for any sequence with ϵ(n) ≥ 0 and (1 + ϵ(n))/n ≤ 1, we
have

P
{
|Cmax|x · max(ϵn, n2/3)

}
= O(1/x) .

For both p < 1/n and p ≥ 1/n, our bounds seem to hit a bar-
rier when ϵ = O(n−1/3), and yield an upper bound of the form
|Cmax| = OP(n2/3). This is not an artefact of the proof techniques;
it corresponds to the actual scaling of the largest component sizes in
G(n, (1 + eps)/n) when ϵ = O(n−1/3). 1 1 See Luczak, Pittel and Wierman,

The Structure of a Random Graph at the
Point of the Phase Transition, Trans.
AMS 341 (2), 1994; Aldous, Brownian
excursions, critical random graphs and the
multiplicative coalescent, Ann. Probab. 25

(2), 1997 for versions of this theorem;
Pittel, On the Largest Component of the
Random Graph at a Nearcritical Stage, J.
Comb. Theory B 82, 2001

Theorem 3.2.1. Fix c ∈ R and let p(n) = (1 + c/n1/3)/n. Then in
G(n, p(n)),

|Cmax|
n2/3

d→ Z(c)

for some random variable Z(c) with EZ(c) <∈ (0, ∞).

Exercise 3.2.6. (a) Show that for p ≤ 1/n, (n − 1)p/(1 − p) ≤ np and
so in G(n, p) we have |C(v)| ≤ |T(Poi(np)|.

I wrote down the proof of (b) hastily
so it’s possible the statement has minor
glitches. If you think you have found
a mistake you may be right; but try to
prove an upper bound of this form.

(b) Show that for all δ > 0 there is A > 0 such that for all ϵ ∈ (0, 1), in
G(n, (1 − ϵ)/n) and all x > δ,

P
{
|C(v)| ≥ x

ϵ2

}
≤ A|ϵ|

x1/2 e−x/2 .

(c) Use (b) to show that in G(n, (1 − ϵ)/n),

E
[

Number of components of size ≥ x
ϵ2

]
= O(

nϵ3

x3/2 e−x/2)

Suggestion. Use that the number of vertices in components of size at
least k is at least k times the number of such components.
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(d) Use (c) to show that in G(n, (1 − ϵ)/n),

|Cmax| = OP

(
2 log(nϵ3)

ϵ2

)
Exercise 3.2.7. (a) Suppose p and λ are such that (n − 1)p/(1 − p) ≤ λ.

We have seen that in this case, |C(v)| ⪯ |T|, where C(v) is the compo-
nent of v in G(n, p) and T is a Poisson(λ) Bienaymé tree. Strengthen
this to show that

(|Nk(v)|, k ≥ 0) ⪯st (|Tk|, k ≥ 0),

in that the two sequences can be coupled so that |Nk(v)| ≤ |Tk| for all
k ≥ 0.

(b) Show that for all n, for any ϵ > 0, with p = (1 − ϵ)/n, then in
G(n, p),

P
{

max
w∈C(v)

dist(v, w) ≥ k
}

≤ (1 − ϵ)k .

(c) (To be developed, but students: it’s worth thinking about already!) Show
that if maxv∈[n] maxw∈C(v) dist(v, w) ≥ k then with probability at least
k/n vertex 1 satisfies maxw∈C(1) dist(1, w) ≥ k/2. Use this together
with part (b) to prove an upper tail bound on maxv∈[n] maxw∈C(v) dist(v, w) ≥
k.

3.3 Explorations of graphs

Before analyzing component sizes further, we need to introduce some
more tools: exploration process for graphs. Let G be a graph with ver-
tex set [n]. We will explore the components of G via a procedure
called depth-first search; this is closely linked to the depth-first queue
process seen above. In depth-first search, at each step one vertex is
“explored”: its neighbours are revealed, and the previously undiscov-
ered neighbours are added to the queue for later exploration.

Formally, in the depth-first queue process of graph G with v(G) =

[n], at step i the vertex set is partitioned into sets Ei, Ai and Ui, re-
spectively containing explored, active, and undiscovered vertices. We
initialize the process by taking E0 = ∅, A0 = ∅ and U0 = [n]. The
process will conclude with En = [n] and A0 = U0 = ∅. We define
the priority of a vertex to be the step at which it leaves the collection
of undiscovered vertices, which is max(i : v ∈ Ui), so vertices that are
activated later have higher priority.2 2 This is what makes the process a

depth-first search process; if vertices
discovered earlier had higher priority
we would instead obtain breadth-first
search.

Depth-first queue process for G.
Step t (1 ≤ t ≤ n), going from time t − 1 to time i:
⋆ If At−1 is non-empty then let vt be the vertex of At with
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highest priority (in case of a tie, choose the vertex with the small-
est label from among top-priority vertices).

⋆ If At−1 is empty then let vt be the smallest-labeled vertex
of Ut−1. ⋆ Let At = (At−1 \ vt) ∪ (N(vt) ∩ Ut−1). ⋆ Let Et =

Et−1 ∪{vt} = {v1, . . . , vt}. ⋆ Let Ut = [n] \ (At ∪Et) = (Ut−1 \
vt) \ (N(vt) ∩ Ut−1).

Exercise 3.3.1. Show that the whole process can be recovered from either
(Ai, i ∈ [n]) or (Ui, i ∈ [n]).

At all times 0 ≤ t ≤ n, the explored, active and unexplored vertices
partition v(G) = [n], so |At|+ |Et|+ |Ut| = n. Since also |Et| = t, it
follows that

|At|+ |Ut| = n − t.

An example of the depth-first queue process of a graph with four
connected components appears in Figure 3.2.

Figure 3.2: A graph G and
the sequence of active sets At

and explored vertices vt for its
depth-first queue process.

A component exploration concludes at step t precisely if At is
empty, which is to say that after exploring vt, every vertex which has
been discovered has also been explored.

Write κ(t) for the number of components discovered by step t, so
κ(t) = |{0 ≤ i < t : Ai = ∅}|. Then κ(0) = 0, and κ := κ(n) is the
number of components of G.

Let (T(j), 1 ≤ j ≤ κ) be the ordered sequence of times at which a
component exploration concludes. Writing X(i) = XG(i) = |N(vi) ∩
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Ui| − 1 and S(i) = ∑i
j=1 X(j), then we may re-express T(j) as

T(j) = min
(

t ≥ 0 :
t

∑
i=0

X(i) ≤ −j
)
= min(t ≥ 0 : S(t) ≤ −j) .

Setting T(0) = 0, the component sizes of G, in the order they are
discovered by the depth-first search, are then

(T(j + 1)− T(j), 0 ≤ j < κ).

The sequence (S(t), 0 ≤ t ≤ n) corresponding to the DFQP of the
graph from Figure 3.2 is shown in Figure 3.4.

Figure 3.3: The queue length
process for the graph shown in
Figure 3.2.

Proposition 3.3.1. For all t ≥ 0, |At| = S(t) + κ(t).

Proof. This is true at time t = 0, when all three quantities are 0. For
t > 0, there are two cases.

1. If |At−1| ̸= 0 then At = (At−1 \ vt) ∪ (N(vt) ∩ Ut−1) and κ(t) =

κ(t − 1), so

|At| = |At−1|− 1+ |N(vt)∩Ut−1| = |At−1|+X(t) = |At−1|+X(t)+ κ(t)− κ(t− 1),

so inductively |At| = S(t) + κ(t).

2. If |At−1| = 0 then κ(t) = κ(t − 1) + 1, and

|At| = |N(vt)∩Ut−1| = X(t)+ 1 = |At−1|+X(t)+ 1 = |At−1|+X(t)+ κ(t)− κ(t− 1)

and again |At| = S(t) + κ(t) by induction.
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So far the discussion of depth-first queue process for graphs re-
lates to an arbitrary graph G; we now focus on random graphs. Sup-
pose that G = G(n, p); then the sets Ai, Ei and Ui are random. We
write Ft = σ(Ai, Ei, Ui, 0 ≤ i ≤ t) for the σ-algebra generated by the
process up to time t.

It’s useful to write U′
t−1 = Ut−1 \ {vt}; then U′

t−1 = Ut−1 if
At−1 ̸= ∅, since in this case, vt ∈ At−1. However, if At−1 = ∅ then
vt ∈ Ut−1 and so |U′

t−1| = |Ut−1| − 1.
Note that, conditionally given Ft−1, the set N(vt) ∩ Ut−1 is a bino-

mial random subset of U′
t−1. This means in particular that

P {|N(vt) ∩ Ut−1| = k | Ft−1 } =

(
|U′

t−1|
k

)
pk(1 − p)|U

′
i−1|−k . (3.3.1)

On the event that |At| > 0, we obtain that

E {Ut+1 | Ft} = |Ut|(1 − p) .

Heuristically, this suggests that perhaps |Ut| tracks the function This heuristic may not be convincing
for general p, in particular when np < 1
so that the process S has a downward
drift, ignoring the times when At is
empty seems suspect. But for np > 1,
so the drift is positive (at least for small
times t), the heuristic may seem more
reasonable.

n(1 − p)t. On the other hand, |At| = n − t − |Ut|, so this suggests that
perhaps

|At| ≈ n − t − n(1 − p)t.

When p = p(n) = o(1), we may summarize these heuristics as

|Ut| ≈ n(1− p)t ≈ ne−pt and |At| ≈ n− t−n(1− p)t ≈ n− t−ne−pt =: fn(t) .

Exercise 3.3.2. Show that for any A > 0,

sup
0≤p≤A/n

sup
0≤t≤n

|n(1 − p)t − ne−pt| = O(1)

We will prove a law of large numbers for |Cmax| in G(n, p), when
(1 + ω(n)/n1/3)/n ≤ p = O(1/n), by showing that |Ut| indeed
closely tracks f (t) = fn(t) until time nθ(np).

Theorem 3.3.2. Fix A > 0. Let ϵ = ϵ(n) be a non-negative sequence with
ϵ(n)n1/3 → ∞ and ϵ(n) ≤ A < ∞. Take p = p(n) = (1 + ϵ(n))/n and
write λ = λ(n) = np = 1 + ϵ. Then in G(n, p),

|Cmax|
nθ(λ)

p→ 1.

We begin the proof by recording some of the important properties
of f which we will use in the argument. First, with

d = d(n, p) = nθ(np) = nθ(λ),

then d is the unique positive solution to f (t) = 0. Second,

f ′(t) = npe−pt − 1 = p(n − t − f (t))− 1 ,
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so

f ′(d) = p(n− d− f (d))− 1 = p(n−nθ(np)− 1 = λ(1− θ(λ))− 1 = λ̂− 1 ,

where λ̂ is the Poisson dual parameter to λ. Third,

f ′′(t) = −np2e−pt ≥ − (A + 1)2

n
.

Using these bounds, we can show that f (t) grows reasonably quickly
when t is not too large. In what follows we fix a function ω(n) → ∞
which grows slowly enough that ω(n)2 = o(ϵ(n)n1/3), and set

g = g(n) = ω(n)
√

n/ϵ.

Proposition 3.3.3. For all t ≤ nϵ/(2(A + 1)2) we have f (t) ≥ ϵt/2.
Moreover, f (t) ≥ ϵt/2 for t ≤ g, for n large.

Proof. First, f ′(0) = np − 1 = ϵ, so by the above bound on f ′′(t) we
have

f ′(t) ≥ f ′(0)− t(A + 1)2/n ≥ ϵ/2

the second bound holding for t ≤ nϵ/(2(A + 1)2). It follows that for
t ≤ nϵ/(2(A + 1)2),

f (t) = f (0) +
∫ t

0
f ′(s)ds ≥ tϵ/2.

The second assertion of the proposition follows from the first, since

g = ω(n)
√

n/ϵ = o(n2/3) = o(ϵn),

where for the first bound we have used that ω(n) = o(ϵ1/2n1/2)

and for the second we have used that ϵn1/3 → ∞. In particular, this
implies that g ≤ nϵ/(2(A + 1)2) for n large, so the first bound applies
at time t = g.

This proposition establishes adequate control on f near time zero.
We also need to understand the behaviour of f at times near d, and
at intermediate times. The behaviour near time d is the subject of the
next proposition. Here and below we write

σ = σ(n) =
√

n · ϵ(n) ;

note that g · ϵ(n) = ω(n) · σ.

Proposition 3.3.4. Let σ =
√

ϵn. Then with d− = d − g and d+ = d + g,
it holds that f (d−) ≥ 10σ

√
ω and f (d+) ≤ −10σ

√
ω for n large.

Proof. We saw that f ′(d) = λ̂ − 1 and that 0 ≥ f ′′(t) ≥ −(A + 1)2/n,
so

f ′(t) ≤ λ̂ − 1 +
g(A + 1)2

n
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whenever t ∈ [d−, d]. Since ϵ ≤ A < ∞ and λ = np = 1 + ϵ, there is
some δ = δ(A) > 0 such that λ̂ − 1 ≤ −2δϵ. On the other hand,

g(A + 1)2

n
=

ω(n)√
nϵ

= o(ϵ) ,

the second bound holding by the assumption that ω2(n) = o(n1/3ϵ),
so for n sufficiently large, the preceding upper bound on f ′(t) is at
most −δϵ. It follows that

f (d−) =
∫ d

d−g
f ′(t)dt ≤ −δϵg = −δωσ ≤ −10σ

√
ω.

The last bound holds since ω = ω(n) → ∞. The bound on f (d+) is
similar but easier.

Corollary 3.3.5. For n large, f (t) ≥ 10σ
√

ω(n) for all t ∈ [g, d−].

Proof. We just saw that f (d−) ≥ 10σ
√

ω(n). We also have f (g) ≥
ϵg/2 = σω(n)/2 ≥ 10σ

√
ω(n), the last inequality for n large. The

result then follows since f is concave.

The information about f derived above is summarized in the fol-
lowing picture.

Figure 3.4: Info about the func-
tion f (t) = n − t − ne−pt.

Now let Z = κ(g) − 1 be the number of components of G(n, p)
completely explored by time g, and set L = TZ and R = TZ+1.

Theorem 3.3.6. Under the assumptions of Theorem 3.3.2, L−R
nθ(λ)

p→ 1.

Before proving the theorem, we use it to prove Theorem 3.3.2. The
following straightforward fact, which is used in the proof, is left as
an exercise.

Exercise 3.3.3. For any A > 0 there is α > 0 such that for all 1 ≤ λ ≤
(A + 1), it holds that

λ̂ = λ(1 − θ(λ)) ≤ 1 − α(λ − 1).
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With λ = 1 + ϵ, the exercise shows that that λ̂ < 1 − αϵ. When
λ = 1 + ϵ for ϵ = o(1), then in fact λ̂ = 1 − ϵ(1 + o(1)); the bound
on λ̂ from the exercise enlarges the range of ϵ allowed at the cost of
weakening the control on λ̂.

Proof of Theorem 3.3.2. Between times L and R, a connected compo-
nent of G(n, p) is explored, so |Cmax| ≥ R − L. This establishes one of
the two bounds needed to prove the theorem. For the other, we need
to bound the largest size among the components explored before
time R and after time L.

Since L ≤ g = o(n2/3) and nθ(λ)/n2/3 → ∞, it is immediate that
any component explored before time L has size o(nθ(λ)).

To control the component sizes after step R, we need a small
auxiliary computation. Fix δ > 0 to be chosen shortly3, and set 3 We will take δ = α/(4(1 + A)), in fact.

n′ = n − (1 − δ)nθ(λ). Using the bound from Exercise 3.3.3 we have

p =
λ

n

≤ λ(1 − (1 − δ)nθ(λ))

n′

=
λ(1 − θ(λ)) + δλθ(λ)

n′

=
λ̂ + δλθ(λ)

n′

≤ 1 − αϵ + δ(1 + A)2ϵ

n′

≤ 1 − (α/2)ϵ
n

the last bound holding with the choice δ = α/(4(1 + A)). Let G ′ be
the subgraph of G(n, p) with vertices [n] \ {v1, . . . , vL}. Then G ′ is
distributed as G(n − R, p), up to relabeling of the vertices.

Writing E for the the event that L ≥ (1 − δ)nθ(λ) so that n − L ≤
n′, and letting T be a Poisson(1 − (α/2)ϵ) Bienaymé tree, we then
have

P
{
|Cmax(G ′)| ≥ s | E

}
≤ P

{
|Cmax(G(n′, p))| ≥ s

}
≤ n

s
P
{
|CG(n′ ,p)(1)| ≥ s

}
≤ n

s2 E [|T|] ,

=
n
s2

1
(α/2)ϵ

Taking s = g = ω(n)
√

n/ϵ we obtain that

P
{
|Cmax(G ′)| ≥ g | E

}
= o(1).

But since also P {E} → 1, it follows that

P
{
|Cmax(G ′)| ≥ g

}
→ 0.
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Since g = o(ϵn) it follows that with high probability no component of
G ′ is the largest of G(n, p).

Exercise 3.3.4. Let (Ti, i ≥ 1) be a sequence of independent Poisson(1)
Bienaymé trees. Using the identity

P {|T1|+ . . . + |Tk| = n} =
k
n

P {Poisson(n) = n − k} ,

prove that
|T1|+ . . . + |Tk|

k2

converges in distribution. Give a formula for the cumulative distribution
function of the limiting distribution.

To prove Theorem 3.3.6, we analyze the process S(t) = ∑t
i=1 X(i).

The next proposition is the key to the analysis; it expresses the differ-
ence between S(t) and xt as effectively a weighted sum of martingale
differences, which we can then control using fairly standard argu-
ments. Recall that Ft is the σ-algebra generated by the first t steps of
the process.

Proposition 3.3.7. Let Dt = E {X(t) | Ft−1 } and write

∆t = X(t)− Dt = X(t)− E {X(t) | Ft−1 } .

Then

S(t)− xt =
t

∑
i=1

(1 − p)t−i(∆i − pκ(i)).

Moreover, with S̃(t) = xt + ∑t
i=1(1 − p)t−i∆i, then

|S(t)− S̃(t)| ≤ ptκ(t) .

We prepare for the proof of the proposition by deriving an identity
for Dt+1 in terms of S(t) and κ(t + 1).

Lemma 3.3.8. For all t ≥ 0, Dt+1 = p(n − t − S(t)− κ(t + 1))− 1.

Proof. We saw in (3.3.1) that conditionally given Ft,

X(t) + 1 = |N(vt+1) ∩ Ut|

is Bin(|U′
t |, p)-distributed, where U′

t = Ut \ {vt+1}, so

|U′
t | = |Ut \ {vt+1}| =

|Ut| if |At| ̸= ∅

|Ut| − 1 if |At| = ∅ .
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since κ(t + 1)− κ(t) = 1[At=∅], this implies that

Dt+1 = E {X(t + 1) | Ft }
= E {|N(vt+1) ∩ Ut| − 1 | Ft }
= |U′

t |p − 1

= (|Ut| − (κ(t + 1)− κ(t)))p − 1

= (n − t − S(t)− κ(t + 1))p − 1 ,

the last equality holding since Ut = n − t − |At| = n − t − S(t) −
κ(t).

Proof of Proposition 3.3.7. First, using the definition of ∆t+1 and Dt+1

and the lemma, we have

S(t + 1) = S(t) + X(t + 1)

= S(t) + ∆t+1 + Dt+1

= S(t) + ∆t+1 + (n − t − S(t)− κ(t + 1))p − 1

= (1 − p)S(t) + ∆t+1 − p(n − t)− 1 − pκ(t + 1) .

Next,

xt+1 − (1 − p)xt = n − t − 1 − (1 − p)(n − t) = p(n − t)− 1 ,

so xt+1 = (1 − p)xt + p(n − t)− 1. Subtracting this identity from the
identity for S(t + 1) gives

S(t + 1)− xt+1 = (1 − p)(S(t)− xt) + ∆t+1 − pκ(t + 1) ,

and the claimed identity follows by induction.
For the bound, simply note that since κ(i) is increasing and (1 −

p) < 1,

|S(t)− S̃(t)| = |
t

∑
i=1

(1 − p)t−i pκ(i)| ≤
t

∑
i=1

pκ(t) = ptκ(t) .

The bound on the difference between S(t) and S̃(t) means we can
get a handle on the behaviour of S(t) if we can (a) understand that
of S̃(t) and (b) bound the upper tail probabilities of κ(t). We tackle
these points in turn.

Proposition 3.3.9. Write

M(t) =
S̃(t)− xt

(1 − p)t =
t

∑
i=1

(1 − p)−i∆i .
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Then for any 1 ≤ t ≤ n,

sup
i≤t

M(i) = OP(
√

t) .

As a consequence, for any 1 ≤ t ≤ n,

max
i≤t

|S̃(t)− f (t)| = OP(
√

t).

The first bound of the proposition may be restated as follows. For
any δ > 0 there is k > 0 such that

sup
n≥1

sup
1≤t≤n

P

{
sup
i≤t

M(i) ≥ K
√

n

}
≤ δ .

In proving the proposition, we will use the following straightforward
martingale identity and bound.

Lemma 3.3.10. Let (Mt)t≥0 be a martingale relative to a filtration (Ft)t≥0,
with M0 = 0, and let It = Mt − Mt−1 for t ≥ 1. Then

Var {Mt} =
t

∑
i=1

Var {Ii} =
t

∑
i=1

E [Var {Ii | Fi−1}] .

Moreover, for any K > 0,

P
{

max
i≤t

|Mi| ≥ K
}

≤ Var {Zt} /K2 .

Proof. For the identity, since EMt = EM0 = 0, and Mt = ∑t
i=1 Ii,

Var {Mt} = E
[

M2
t

]
=

t

∑
i,j=1

E
[
Ii Ij
]

.

But for i < j,

E
[
Ii Ij
]
= E

[
E
{

Ii Ij
∣∣ Fj−1

}]
= E

[
IiE
{

Ij
∣∣ Fj−1

}]
= 0 ,

so

Var {Mt} =
t

∑
i=1

E
[

I2
i

]
.

Also, since E {Ii | Fi−1 } = 0, Var {Ii | Fi−1} = E
{

I2
i | Fi−1

}
so

E [Var {Ii | Fi−1}] = E
[
E
{

I2
i | Fi−1

}]
= E

[
I2
i

]
,

which combined with the previous identity for Var {Mt} establishes
the equality in the lemma. The bound is immediate from Doob’s
maximal inequality.
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Proof of Proposition 3.3.9. First, note that M(t) is indeed a martin-
gale: since ∆t = X(t) − E {Xt | Ft−1 }, E {∆t | Ft−1 } = 0 and
E {∆i | Ft−1 } = ∆i for i < t, so

E {M(t) | Ft−1 } =
t

∑
i=1

(1 − p)−iE {∆i | Ft−1 }

=
t−1

∑
i=1

(1 − p)−i∆i = M(t − 1) .

Now recall that conditionally given Fi−1, X(i) + 1 is Bin(|U′
i |, p)-

distributed, so ∆i is (conditionally) simply a binomial shifted by its
mean. Thus

Var {∆i | Fi−1} = |U′
i−1|p(1 − p) ≤ np(1 − p)

and so

Var
{
(1 − p)−i∆i

}
= (1 − p)−2iVar {∆i}

≤ (1 − p)−2n · np

≤
(

1 − A + 1
n

)−2n
· (A + 1) < C < ∞ .

Thus

Var {M(t)} =
t

∑
i=1

(1 − p)−2iVar {∆i} ≤ Ct,

so by Doob’s maximal inequality (the second bound in Lemma 3.3.10,
for any δ > 0, with K = (C/δ)1/2,

P
{

max
i≤t

|M(i)| > Kt1/2
}

≤ Ct
K2t

= δ .

This proves the first assertion of the proposition. For the second, we
have

max
i≤t

|S̃(t)− f (t)| ≤ max
i≤t

|S̃(t)− xt|+ max
i≤t

|xt − f (t)|

The second term is O(1) = O(
√

t), and the first is bounded from
above by maxi≤t |M(i)| since |M(i)| = |S̃(i)− xi|/(1 − p)i ≥ |S̃(i)−
xi|.

Combining the bound

|S(t)− S̃(t)| ≤ ptκ(t)

from Proposition 3.3.7 with the bound

max
i≤t

|S̃(i)− f (i)| = OP(
√

t).
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from Proposition 3.3.9, using that κ(i) is increasing in i we obtain that

max
i≤t

|S(i)− f (i)| ≤ ptκ(t) + OP(
√

t). (3.3.2)

The main step remaining in the proof is to bound κ(t), and we now
turn to this. Recall that Z = κ(g)− 1 is the number of components
fully explored by time g, and that L = TZ ≤ g.

Proposition 3.3.11. With probability tending to one, Z ≤ σ/ω and
L ≤ σ/(ϵω).

Proof. First,

|S(L)− S̃(L)| ≤ pLκ(L) = pLZ ≤ pgZ.

But
S(L) = S(TZ) = ATZ − κ(TZ) = −κ(TZ) = −Z,

so
S̃(L) ≤ (pg − 1)Z. (3.3.3)

Since g = o(n2/3) we have pg < 1/2 for n large. Also, f (L) > 0 since
L ≤ g < nθ(λ), so the preceding bound implies that

|S̃(L)− f (L)| > | − Z/2 − 0| = Z/2.

It follows that

P {Z ≥ σ/ω} ≤ P
{
|S̃(L)− f (L)| ≥ σ/(2ω)

}
≤ P

{
sup

0≤t≤g
|S̃(t)− f (t)| ≥ σ/(2ω)

}
(3.3.4)

By Proposition 3.3.9,

sup
0≤t≤g

|S̃(t)− f (t)| = OP(
√

g),

so as long as
√

g = o(σ/ω) we deduce that the probability in (3.3.4)
tends to zero and thus Z ≤ σ/ω with high probability. But

σ2

ω2g
=

nϵ

ω2(ω(n/ϵ)1/2)
=

nϵ3

ω
→ ∞ ,

so indeed g = o(σ2/ω2).
Next, by definition L ≤ g so to prove the second assertion it suf-

fices to show that, with I = [σ/(ϵω), g], then P {L ∈ I} → 0. But for
t ∈ I, by Proposition 3.3.3,

f (t) ≥ ϵt
2

≥ σ

2ω
,
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so if

sup
0≤t≤g

|S̃(t)− f (t)| < σ/(2ω)

then

inf
t∈I

S̃(t) > 0

for all t ∈ I. On the other hand, if L ∈ I then by (3.3.3),

S̃(L) < 0

This implies that

P {L ∈ I} ≤ P

{
sup

0≤t≤g
|S̃(t)− f (t)| ≥ σ/(2ω)

}
,

which we already saw tends to zero (recall (3.3.4)).

Proof of Theorem 3.3.6. Recall that

d+ = d + g = nθ(λ) + ω(n/ϵ)1/2 = O(nθ(λ)) = o(σ2) .

Let E be the event that

sup
t≤min(R,d+)

|S(t)− f (t)| ≤ σ
√

ω.

Since κ(R) = Z, the bound (3.3.2) and Proposition 3.3.11 together
give

max
t≤min(R,d+)

|S(t)− f (t)| ≤ npZ + OP(
√

d+) = OP(σ) ,

so P {E} → 1.
Recall from Corollary 3.3.5 that f (t) ≥ 10σ

√
ω(n) for t ∈ [g, d−]

when n is large. In view of this, if E occurs then S(t) > 0 for t ∈
[g, d−]. On the other hand, S(R) = −(Z + 1) = −κ(g) < 0 so this
implies that when E occurs, R ≥ d−.

Next, if E occurs and also Z ≤ σ, then by the bound on f (d+) from
(3.3.4) we have

S(d+) ≤ σ
√

ω − 10σ
√

ω = −9σ
√

ω < −(Z + 1) < −κ(g) ,

so R = TZ+1 ≤ d+. Since P {E ∩ {Z ≤ σ}} → 1, it follows that
P {R ≤ d+} → 1.

We have established that P {R ∈ [d−, d+]} → 1; since d− = d − g,

d+ = d + g and g = o(nϵ) = o(nθ(λ)), it follows that R/(nθ(λ))
p→ 1.

Since L ≤ g = o(nθ(λ)), this also implies that (R − L)/(nθ(λ))
p→

1.
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Exercise 3.3.5. For a tree t with vertex set [n], let St = (St(i), 0 ≤ i ≤ n)
be the depth-first queue process of T (started from the vertex with label 1),
and write a(t) = ∑i≤i<n St(i). For distinct u, v ∈ [n] say that edge e = uv
is allowable for tree t if e ̸∈ e(t) and the depth first tree of t + e is t, i.e.,
adding the edge e to t doesn’t change the depth-first tree

Fix any n ∈ N and s ∈ N such that s ≤ (n
2) − (n − 1). Build a

connected graph G with vertex set [n] and surplus s as follows. First let T
be a random tree with vertex set [n] such that

P {T = t} ∝
(

a(t)
k

)
.

Conditionally given T, let S be a set of s allowable edges, chosen uniformly
at random over all such sets. Let G be obtained by adding the edges in S to
the tree T.

Show that G is a uniformly random element of Gn,s.



4
Minimum spanning trees

4.1 Basics

The first thing to do is define minimum spanning trees. Let G =

(V, E) be a graph. A spanning subgraph of G is a graph H = (V, E′)

with E′ ⊆ E. A spanning tree of G is a spanning subgraph of G which
is a tree.

Exercise 4.1.1. Every finite connected graph has at least one spanning tree.

Now suppose the edges of G are given weights w = (w(e), e ∈ E).
The weight of a subgraph H = (V′, E′) of G is

w(H) = ∑
e∈E′

w(e) .

A spanning subtree T of G is a minimal spanning tree of G with re-
spect to w if w(T) ≤ w(T′) for every spanning tree T′ of G. When
the weights w are clear, we simply say the tree T is a minimal span-
ning tree of G.

Proposition 4.1.1. If G is a finite connected graph, and the weights w =

(w(e), e ∈ e(G)) are all distinct, then G has a unique minimal spanning
tree.

Proof. Suppose for contradiction that T and T′ are distinct minimal
spanning trees. Let e = uv be the smallest weight edge which is in
exactly one of the trees T and T′. By symmetry we may assume that e
is an edge of T and not of T′

Let γ be the unique u − v path in T′. Since T has no cycles, there
must be an edge e′ of γ which is not in T. By our choice of e and
since the edge weights are all distinct, this implies that w(e′) > w(e).
Then the spanning subgraph H obtained from T′ by removing e′ and
adding e is then a spanning tree with smaller weight than T′.
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4.2 Kruskal’s algorithm

The idea at the heart of Kruskal’s algorithm is contained in the fol-
lowing observation.1 1 Joseph B. Kruskal, Jr. On the shortest

spanning subtree of a graph and the
traveling salesman problem. Proc.
Amer. Math. Soc., 7:48-50, 1956. URL
http://dx.doi.org/10.2307/2033241

Lemma 4.2.1. Fix a finite connected graph G = (V, E) and weights
w = (w(e), e ∈ E) which are all distinct. List the edges in increasing order
of weight as e1, . . . , e|E|. For 1 ≤ i ≤ |E|, let Ei = {e1, . . . , ei}, and let
Gi = (V, Ei). Also, let G0 = (V, ∅). For all 1 ≤ i ≤ |E|, if the endpoints
of ei are in distinct connected components of Gi−1 then ei is an edge of the
minimum spanning tree.

Proof. Write u and v for the endpoints of ei. Let γ be the unique u − v
path in the MST. There is no path from u to v in Gi−1. It follows that
if ei is not in the MST then γ must contain an edge ej with j > i. In
this case, the spanning tree obtained from the MST by removing ej

and adding ei has smaller weight than the MST, a contradiction.

Corollary 4.2.2. The edges of the minimum spanning tree of G are precisely
the elements of the set

S = {ei : ei joins distinct connected components of Gi−1}.

Proof. The lemma states that all elements of S are edges of the MST.
A tree with |V| vertices has |V| − 1 edges, so if |S| = |V| − 1 then the
corollary follows.

For 1 ≤ i ≤ |V|, if ei ∈ S then Gi has one fewer connected
component of Gi−1, and if ei ̸∈ S then Gi−1 and Gi have the same
number of connected components. Since G0 has |V| connected com-
ponents and G = G|V| has 1 connected, component, it follows that
|S| = |V| − 1.

Kruskal’s algorithm is a procedural description of the above
lemma.

Kruskal’s algorithm.
Input: A graph G = (V, E) and weights w = (w(e), e ∈ E).
1. List the edges in increasing order of weight as e1, . . . , e|E|.
2. Let S0 = ∅, let F0 = (V, S0).
3. For 1 ≤ i ≤ |E|:

– If ei joins distinct trees of Fi−1 then let Si = Si−1 ∪ {ei}.
Otherwise, let Si = Si−1.

– Let Fi = (V, Si).
Ouput: F|E|.

Kruskal’s algorithm adds edge ei if it joins distinct trees of Fi−1.
The next exercise implies this is equivalent to adding ei if it joins
distinct connected components of Gi−1.

http://dx.doi.org/10.2307/2033241
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Exercise 4.2.1. Show that for each 0 ≤ j ≤ |E| and each connected
component H of Gj, there is a connected component TH of Fj with vertex set
v(H).

Thus, if G is connected then the set of edges of F|E| is precisely
the set S from Corollary 4.2.2, so the output of Kruskal’s algorithm
is the MST of G with weights w. The next exercise strengthens this
conclusion slightly.

Exercise 4.2.2. Show that for each 0 ≤ j ≤ |E|, and each connected
component H of Gj, the connected component TH of Fj with vertex set U is
in fact the MST of H with weights (w(e), e ∈ e(H)).

It is reasonable to call Kruskal’s algorithm the greedy algorithm
for constructing a spanning tree of G, since at each step it adds the
“first” edge it can which does not create a cycle. When encountering
such a clean, simple, provably correct procedure, it is natural to ask
whether it applies in other settings. In this case, the answer is “yes”.

Definition 4.2.3. An independence system is a pair (X, I), where X is a
finite set and I is a nonempty set of subsets of X satisfying the hereditary
property:

1. If A ∈ I and B ⊂ A then B ∈ I .
An independence system (X, I) is a matroid if I also satisfies the aug-
mentation property:

2. If A, B ∈ I and |A| < |B| then there exists x ∈ B \ A such that
A ∪ {x} ∈ I .

If (X, I) is an independence system (so in particular if (X, I) is a
matroid) then X is called the ground set of (X, I), and the elements of
I are called the independent sets of (X, I).

An independent set B is maximal if for all x ∈ X \ B, the set B ∪ {x}
is not an independent set. The set of maximal independent sets in an
independence system M = (X, I) is denoted

B = B(M) = {B ∈ I : B is maximal within I} .

If M is a matroid then its maximal independent sets are also called
bases.

Exercise 4.2.3. Let B be the set of bases of a matroid M = (X, E). Prove
the following facts.

1. Any two bases A, B ∈ B have the same size.
2. The set B satisfies the basis exchange property: for all A, B ∈ B,

there exists a ∈ A \ B and b ∈ B \ A such that (A \ {a}) ∪ {b} ∈ B.
3. Any non-empty set A of subsets of X which satisfies the basis ex-

change property is the set of bases of some matroid.
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For a finite connected graph G = (V, E), the set E of edge sets
of spanning trees of G satisfies the basis exchange property.2 By the 2 To see this, fix any two spanning trees

T, T′, with edge sets E, E′ ∈ E . Let
e = uw be any edge of T which is not
an edge of T′, and let γ be the u − v
path in T′. Since T contains no cycle,
there must be an edge e′ of γ which is
not in T. Then E′′ = (E′ \ {e′}) ∪ {e}
is the edge set of a spanning tree T′′ so
E′′ ∈ E .

preceding exercise, E is thus the set of bases of some matroid. The
matroid is called the graphic matroid of G; it’s ground set is E, and its
independent sets are precisely the acyclic spanning subgraphs (or
spanning forests) of G.

Now suppose the elements of X are given weights w = (w(x), x ∈
X). The weight of a set A ⊂ X is w(A) = ∑x∈A w(x). The greedy
algorithm builds a maximal independent set when applied to any
independence system.

Greedy algorithm for independence systems.
Input: An independence system (X, I) and weights w = (w(x), x ∈
X).
1. List the elements of X in increasing order of weight as x1, . . . , x|X|.
2. Let I0 = ∅.
3. For 1 ≤ i ≤ |X|:

– If Ii−1 ∪ {xi} ∈ I then let Ii = Ii−1 ∪ {xi}. Otherwise,
let Ii = Ii−1.
Ouput: I|X|.

Let I|X| be the output of the greedy algorithm run on input (X, I)
and w. Observe that for any 0 ≤ i ≤ j ≤ |X|, if xi ̸∈ Ij then Ij ∪
{xi} ̸∈ I and so I|X| ∪ {xi} ̸∈ I . It follows that I|X| is indeed a
maximal independent set (so a basis, if (X, I) is a matroid). The
next proposition states that if (X, I) is a matroid, then the greedy
algorithm in fact finds a minimum-weight basis.

Proposition 4.2.4. For any matroid M = (X, I) and non-negative weights
w = (w(x), x ∈ X), on input M and w, the greedy algorithm outputs a
minimum weight basis of M with respect to w. Moreover, if the weights are
all distinct then the minimum weight basis is unique.

Proof. Let A be any other basis different from I|X|. First, observe that
|A ∩ {x1, . . . , xi}| ≤ |Ii| for all 0 ≤ i ≤ |X|. Indeed, if not then by
the augmentation property there is xj ∈ |A ∩ {x1, . . . , xi}| such that
Ii ∪ {xj} ∈ I, contradicting the above observation.

List the elements of I|X| as i1, . . . , im and the elements of A as
a1, . . . , am, in both cases in increasing order of weight. The claim
established in the preceding paragraph implies that w(aj) ≥ w(ij) for
each 1 ≤ j ≤ m, so w(A) ≥ w(I|X|). Thus, I|X| is a minimum weight
basis.

Finally, if the weights are all distinct then there must be 1 ≤ j ≤ m
such that w(aj) > w(ij), so w(A) > w(I|X|), proving uniqueness.

Perhaps more remarkable than the preceding proposition, is that
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the success of the greedy algorithm characterizes matroids among
independence systems.

Proposition 4.2.5. Let (X, I) be an independence system. Suppose that
for any non-negative weights w = (w(x), x ∈ X), the greedy algorithm
outputs a maximal independent set of minimum weight. Then (X, I) is a
matroid.

Proof. First observe that the supposition implies all maximal in-
dependent sets have the same size. To see this, suppose for a con-
tradiction that A and B are two maximal independent sets with
|A| < |B|, and fix c ∈ (|A \ B|/|B \ A|, 1). Then define weights
w = (w(x), x ∈ X) as follows:

w(x) =


0 if x ∈ A ∩ B

c if x ∈ B \ A

1 if x ∈ A \ B

2 otherwise.

Then w(A) = |A \ B| ≤ |A| and w(B) = c|B \ A| > |A \ B|. However,
the greedy algorithm first adds all of A ∩ B, then adds all of B \ A, so
the output is the set B, a contradiction.

Now fix any two sets A, B ∈ I with |B| = |A| + 1. To prove
(X, I) is a matroid, it suffices to show that there exists x ∈ B \ A with
A ∪ {x} ∈ I , since this implies (X, I) has the augmentation property.

Write m for the size of the maximal independent sets in I . Then
define a weight function as follows:

w(x) =


0 if x ∈ A

1 if x ∈ B \ A

m + 1 otherwise.

For these weights, the greedy algorithm first adds all of A. Since
maximal independent sets have size m ≥ |B| > |A|, the greedy algo-
rithm must then add at least one further element before returning a
maximal independent set C.

Observe that any maximal independent set D containing B has

w(D) ≤ |B \ A|+ (m + 1)(m − |B|).

Next, any set S of size m containing A and disjoint from B \ A has

w(S) = (m + 1)(m?|A|) = (m + 1) + (m + 1)(m?|B|) > w(D).

Finally, C contains A, and by the assumption about the behaviour of
the greedy algorithm, w(C) ≤ w(D). Thus, necessarily C contains
at least one element of B \ A, so there is some x ∈ B \ A such that
A ∪ {x} ∈ I .
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Exercise 4.2.4. Show that the greedy algorithm need not output a maxi-
mal independent set of minimum weight if (X, I) is not an independence
system.

Exercise 4.2.5. Let M = (X, I) be a matroid.
1. Fix Y ⊂ X and let I|Y := {I ∈ I : I ⊂ Y}. Show that (Y, I|Y) is a

matroid.
2. Fix non-negative weights w = (w(x), x ∈ X), and let (Ij, 0 ≤

j ≤ |X|) be the sequence of sets constructed by the greedy algorithm run on
input M and w. Show that for all 1 ≤ i ≤ |X|, Ij is a minimum weight
basis of ({x1, . . . , xj}, I|{x1,...,xj}).

4.3 Cycle breaking

Kruskal’s algorithm adds edges in increasing order of weight, pro-
vided their addition does not create cycles. Cycle breaking is very
similar: it removes edges, in decreasing order of weight, provided
their deletion does not disconnect the graph.

In the language of matroids, cycle breaking is a special instance of
the greedy algorithm: cycle breaking on G is the greedy algorithm
applied to the dual matroid of the graphic matroid of G.

The dual of a matroid, or more generally of an independence sys-
tem (X, I), is defined as follows. First note that I can be recovered
from the set B of its maximal elements, due to the hereditary prop-
erty. Precisely,

I =
⋃

B∈B
: {S ⊂ X : S is a subset of B} .

The dual system of (X, I) is the pair (X, I∗), where

I∗ =
⋃

B∈B
{S ⊂ S : S is a subset of Bc} .

For a matroid M = (X, I), write M∗ = (X, I∗) and call M∗ the dual
matroid of M.

Exercise 4.3.1. Prove that if (X, I) is an independence system then (X, I∗)

is an independence system, and if (X, I) is a matroid then (X, I∗) is a
matroid.

Next, let M be the graphic matroid of a connected graph G =

(V, E). Then M∗ is the co-graphic matroid, whose independent sets
are the sets S ⊂ E for which (V, E \ S) is connected. In particular,
for a given S ∈ I∗, the edges e ∈ E \ S such that S ∪ {e} ∈ I∗ are
precisely those for which (V, E \ (S ∪ {e})) is connected.

Given non-negative weights w = (w(e), e ∈ E), let W = max{w(e) :
e ∈ E}, and define new weights w∗ = (w∗(e), e ∈ E) by

w∗(e) = W − w(e).
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The cycle breaking algorithm on G with weights w is equivalent to
the greedy algorithm on M∗ with weights w∗, and yields a minimum
weight basis S of M∗.

Note that B = E \ S is a basis of M, so is the edge set of a spanning
tree T = (V, B) of G. For any other spanning tree T′ = (V, C) of G,
the set E \ C is also a basis of M∗, so

w(C) = w(E)− w(E \ C) ≤ w(E)− w(E \ S) = w(B) .

In other words, T is a minimal spanning tree of B, so cycle breaking
indeed builds an MST.

4.4 Prim’s algorithm

The greedy algorithms seen above are global, in the sense that they
optimize the choice of which edge to add over all possible edges.
Prim’s algorithm is also a greedy procedure, but it only optimizes
locally, growing a spanning tree one vertex at a time.

Prim’s algorithm.
Input: A finite connected graph G = (V, E), a starting node
ρ ∈ V, and weights w = (w(e), e ∈ E).
1. Let E0 = ∅ and let v0 = ρ.
2.For 1 ≤ i < |V|:

– let ei ∈ E minimize {w(e) : e = uv, u ∈ {v0, . . . , vi−1}, v ̸∈
{v0, . . . , vi−1};

– let vi = v and let Ei = Ei−1 ∪ {ei}.
Ouput: (V, E|V|).

Proposition 4.4.1. If the weights w are non-negative then the output of
Prim’s algorithm is a minimal spanning tree of G with weights w.

Proof. It suffices to prove that for all 0 < i ≤ |V|, the set of edges
{ej, 1 ≤ j < i} is a subset of the edge set of some MST.

The proof proceeds by induction. For i = 0 there is nothing to
prove. Now fix i ≥ 1 and suppose e1, . . . , ei−1 are all edges of some
MST T. Write ei = uivi, where ui is the endpoint of ei which is an
element of {v0, . . . , vi−1}; its other endpoint is vi. Let γ be the path
from ui to vi in T. If γ contains ei then ei is an edge of T so e1, . . . , ei

are all edges of T as required. If γ does not contain the edge ei then
γ contains another edge e connecting {v0, . . . , vi−1} with the rest of
the vertices. By the definition of ei, it must be that γ(e) ≥ γ(ei).
Thus the tree T′ obtained from T by removing e and adding ei is a
spanning tree with weight w(T′) ≤ w(T). Thus T′ is a minimum tree
containing e1, . . . , ei. This completes the induction and the proof.
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Prim’s algorithm (which one might call the local greedy algo-
rithm) is also a clean, simple, provably correct procedure, and as with
Kruskal’s algorithm, it is natural to ask in what generality it yields
optimal results. The answer to this question is also known; it is a
class of problems called matroid embeddings.3 This class contains a 3 Paul Helman, Bernard M. E. Moret,

and Henry D. Shapiro. An exact char-
acterization of greedy structures. SIAM
J. Discrete Math., 6(2):274? 283, 1993.
http://dx. doi.org/10.1137/0406021

diverse enough range of problems that a general theory of random
instances of matroid embedding problems seems unlikely.

4.5 Euclidean MSTs

4.6 The mean-field MST

In this section, we study the structure of Tn = MST(Kn, U), where
U = (Ue, e ∈ e(Kn)) are independent Uniform[0, 1] edge weights.
Writing F (n, p) for the subgraph of Tn consisting of only edges of
weight at most p, then Kruskal’s algorithm couples F (n, p) with
G(n, p) so that the vertex sets of the connected components of the
two random graphs are identical; more strongly, each connected
component of F (n, p) is the minimum weight spanning tree of the
corresponding component of G(n, p), for each 0 ≤ p ≤ 1.

For p = (1 + ϵ)/n with ϵ > 0 fixed, with high probability the
random graph process G(n, p) contains a unique component of linear
size, and all other components are of logarithmic size. Thus, in some
sense the global structure of Tn is already essentially determined by
that of the largest component of F (n, (1 + ϵ)/n). The next subsec-
tion develops this remark in some detail; the following subsection
focusses on the local structure of Tn.

Global properties

Subsection to be written.

The local limit

Recall that for T ∈u Tn, we described the asymptotic local struc-
ture of T as a sequence of independent Poisson(1) Bienaymé trees,
glued along an infinite path. This section similarly addresses the lo-
cal structure of the minimum spanning tree Tn. However, as opposed
to the situation for random combinatorial trees, here we also wish
to record local information about the edge weights as well (they are,
after all, an essential aspect of the minimum weight spanning tree!).
We saw earlier in the section that the structure of Tn is essentially de-
termined by edges of weight O(1/n), so in order to obtain non-trivial
asymptotic information it is useful to scale the weights, by a factor of
n.

http://dx. doi.org/10.1137/0406021
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Given v ∈ [n], write (Uv
i , 1 ≤ i ≤ n − 1) for the edge weight

incident to v in Kn, listed in increasing order, and let (Pv
1 , . . . , Pv

n−1) =

(nUv
1 , . . . , nUv

n−1).

Proposition 4.6.1. Let P be a homogeneous rate-one Poisson point process
on [0, ∞); list its atoms in increasing order as P1 < P2 < . . .. Then for any

k, (Pv
1 , . . . , Pv

k )
d→ (P1, . . . , Pk).

We leave the detailed proof to the reader; the key point is that for
any x > 0,

|{i : Pv
i ≤ x}| = |{w ∈ [n] : w ̸= v, Uvw ≤ x/n}| d

= Bin(n− 1, x/n) d→ Poisson(x) .

Definition 4.6.2. The Poisson-weighted infinite tree (PWIT) is the
random weighting of the Ulam-Harris tree given by weighting the child
edges of each vertex with the ranked sequence of atoms (Pv,vi, i ≥ 1) of a
rate-one Poisson process on [0, ∞), the processes for different vertices being
mutually independent.

We’d like to describe the local structure of Tn in terms of the
PWIT. For this, we require a brief digression, to introduce the no-
tion of local weak convergence in more detail.

We begin with unweighted graphs. Let G = (V, E, ρ) and Ĝ =

(V̂, Ê, ρ̂) be connected rooted graphs with all degrees finite; we call
such graphs locally finite graphs. A rooted isomorphism between G and
Ĝ is a bijection φ : V → V̂ with φ(ρ) = ρ̂ such that for u, v ∈ V,
uv ∈ E if and only if φ(u)φ(v) ∈ Ê. If there is a rooted isomorphism
between G and Ĝ then we write G ≃ Ĝ.

For r > 0, write Gr for the induced subgraph of G with vertex set
Vr = {v ∈ V : distG(v, ρ) ≤ r}, still rooted at ρ; then let

D(G, Ĝ) =
1

sup(r : Gr ≃ Ĝr)
.

Exercise 4.6.1. D satisfies the triangle inequality.

Write G for the set of isomorphism-equivalence classes of locally
finite rooted graphs. Abusing notation by continuing to write D
for the push-forward of the above function to G, then (G, D) is a
complete separable metric space.

As is usual in the setting of probability on complete separable
metric spaces, for a sequence (Gn, 1 ≤ n ≤ ∞) of G-valued random
variables, we say that Gn converges in distribution to G∞, and write

Gn
d→ G∞, if

E f (Gn) → E f (G∞)

for all bounded continuous functions f : G → R.
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With this notation, then T(n) ∈u Tn indeed converges in distribu-
tion to T(∞), where the limiting tree is an infinite path to which are
attached a sequence of independent Poisson(1) Bienaymé trees.

Exercise 4.6.2. Let Gn be a uniformly random 3 regular graph with vertex
set [n], rooted at vertex 1. Then Gn converges in distribution to an infinite
3-regular tree.

Exercise 4.6.3. Let Bn be a complete binary tree with n levels, rooted at a
uniformly random vertex. Then Bn converges in distribution to the canopy
tree; see Figure 4.1.

Figure 4.1: A canopy tree

We next turn to weighted graphs. For a weighted rooted graph
G = (V, E, ρ, w) and vertices u, v ∈ V, write

distg(u, v) := inf(∑
e∈γ

w(e) : γ a path from u to v) .

Say G is locally finite if Vr := {v ∈ VdistG(ρ, v)} is finite for all r. Note
that we can think of unweighted graphs as weighted graphs in which
all edges have weight 1.

Write Gr = (Vr, Er, ρ, wr), where Er = {uv ∈ E : u, v ∈ Vr} and
wr = (w(e), e ∈ Er). Say that locally finite graphs G = (V, E, ρ, w)

and Ĝ = (V̂, Ê, ρ̂, ŵ) are r-close if there exist x, y ≥ r with |x − y| <
1/r and a rooted isomorphism φ of (Vx, Ex, ρ) and (V̂y, Êy, ρ̂) such
that |w(e) − ŵ(φ(e))| ≤ 1/r for all e ∈ Ex. Also, say that G and Ĝ
are isomorphic if there exists and isomorphism φ from (V, E, ρ) to
(V̂, Ê, ρ̂) such thatw(uv) = ŵ(φ(u)φ(v)) for all uv ∈ E.

Let G∗ be the set of isomorphism-equivalence classes of locally
finite weighted rooted graphs, and for G, Ĝ ∈ G∗, write

D∗(G, Ĝ) =
1

sup(r : G and Ĝ are r-close)
.

In this definition, there is again a slight abuse of notation; we should
really take G and Ĝ to be representatives from equivalence classes of
G∗, but the definition does not depend on the choice of representa-
tives. A couple minor issues with the defini-

tion at the moment. a) Perhaps there is
an issue for values r which are not con-
tinuity points for the graph structure
of Gr . b) In order to have convergence
of of the complete graph to the PWIT,
we in fact need to “ignore” high-weight
edges (we should e.g. remove them
from Gr) before checking whether
the graphs are locally isomorphic).
This issue is in fact already present
in Aldous-Steele (Objective Method);
Aldous-Lyons (Processes on Unimod-
ular Random Networks). It doesn’t
arise in Benjamini-Schramm, because
they restrict to locally finite unweighted
graphs.

Proposition 4.6.3. (G∗, D∗) is a complete separable metric space.

With this definition, we can now state the key local convergence
result for the randomly weighted complete graph.

Proposition 4.6.4. Let Gn be the complete graph Kn, rooted at vertex 1,
with edge weights (nUe, e ∈ e(Kn)), where (Ui, e ∈ e(Kn)) are independent
Uniform[0, 1] random variables. Then Gn converges in distribution to the
Poisson-weighted infinite tree.
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Proof idea. Let G(k)
n be the weighted subgraph of Gn consisting of the

k new smallest-weight neighbours of each vertex, out to (unweighted)
distance k from vertex 1. More formally, G(0)

n consists only of the ver-
tex 1. Then, for 0 ≤ i < k, conditionally given G(0)

n , . . . , G(i)
n , for each

vertex v ∈ v(G(i)
n \ v(G(i−1)

n , let S(v) be the k weighted nearest neigh-
bours of v in [n] \ v(G(i−1)

n ), and let G(i+1)
n be the induced subgraph

of Gn with vertex set

v(G(i)
n ∪

⋃
v∈v(G(i)

n \v(G(i−1)
n )

S(v) .

Next, define a subtree PWIT(k) of the PWIT in the same way. In
the PWIT this is easier, because the children of a node are already
labeled in increasing order of weight; so

v(PWIT(k)) = {∅} ∪
k⋃

i=1

[k]i.

For i < k, conditionally given G(i)
n , for a vertex v of G(i)

n at un-
weighted distance i from 1, the ranked weights Wv,1, . . . , Wv,k on
edges from v to S(v) are distributed as the k smallest values among
n−|v(G(i)

n )| independent random variables distributed as n ·Uniform[0, 1].
It follows that

(Wv,1, . . . , Wv,k)

is asymptotically distributed as the first k points of a rate-one Poisson
process, i.e., as the first k weights on the child edges of a vertex of
the PWIT. Moreover, conditionally given G(i)

n , the sets {S(v), v ∈ v ∈
v(G(i)

n \ v(G(i−1)
n )} are independent size-k subsets of [n] \ v(G(i)

n ).
There are at most ki sets in this collection, so with high probability
they are all disjoint and therefore G(i)

n is a tree.

That this fact is useful for the study of minimum spanning trees is
witnessed by the following beautiful result of Aldous and Steele4. 4 DJ Aldous and J.M. Steele. The objec-

tive method: probabilistic combinatorial
optimization and local weak conver-
gence. Probability on Discrete Structures,
110:1–72, 2004

Theorem 4.6.5. Let (Gn, 1 ≤ n ≤ ∞) be a sequence of G∗-valued random
variables, and write Gn = (Vn, En, ρn, wn). Suppose that for n finite, Gn

almost surely has n vertices, and the root ρn of Gn is uniformly random.
Suppose also that almost surely no two edges of G∞ have the same weight.

Under these conditions, if Gn
d→ G∞ in G∗ then we have the joint

convergence in distribution

(Gn, MST(Gn))
d→ (G∞, WMSF(G∞))

in G∗ × G∗, This theorem doesn’t quite make
sense as written, because WMSF(G∞)
need not be a connected graph. We
should really augment the notion of
convergence: the space G∞ to include
“binary” information about edge pres-
ence and absence. In other words,
the convergence of the second coor-
dinate should be in an augmented
space Gb

∗ , corresponding to local con-
vergence of weighted graphs with
distinguished subgraphs; the subgraph
can be recorded by marking each edge
with a bit indicating whether or not it
belongs to the subgraph.

degGn
(ρn)

d→ degG∞
(ρ∞),
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where the limiting random degree satisfies E degG∞
(ρ∞) = 2, and

∑
e∈MST(Gn):ρn∈e

wn(e)
d→ ∑

e∈WMSF(G∞):ρ∞∈e
w∞(e) .

In view of this theorem, in order to understand the asymptotic
local structure of the MST of Kn, we are allowed to focus on the struc-
ture of the WMSF of the PWIT, and this is what we now do. More
specifically, we will focus on the structure of the component of the
WMSF containing the root, which we recall has label ∅. We hereafter
denote this component by M. We begin our analysis by focussing
on an important subtree of M; the tree T∞ built by running Prim’s
algorithm on the PWIT, starting from the root ∅.

Recall that a graph G is one-ended if for any two paths γ, γ′ the So far the definition of one-endedness
hasn’t actually appeared earlier, so
“recall” is inaccurate; but it should
appear in the section on Euclidean
MSTs earlier, once that is written...

symmetric difference

γ△γ′ = {e ∈ γ : e ̸∈ γ′} ∪ {e′ ∈ γ′ : e′ ̸∈ γ}

has finite size.

Theorem 4.6.6. The tree T∞ is one-ended.

We begin the proof with a lemma.

Lemma 4.6.7. Let Λ0 = sup(Pe : e ∈ e(T∞)). then Λ0 has density
θ′(x)1[x≥1], where θ(x) = P {|T(Poi(x))| = ∞}. Moreover, almost surely,
there is a unique edge of T∞ with weight Λ0.

Proof. For u ∈ U and x ≥ 0, write

Tu(x) = {v ∈ U : u ⪯ v, all edges on the path from u to v have weight ≤ x}.

Then Λ0 ≤ x if and only if |T∅(x)| = ∞, and T∅(x) is distributed as a
Poisson(x) Bienaymé tree; so P

{
Λ0 ≤ x

}
= θ(x). This shows that Λ0

has the density claimed in the lemma.
To see that a.s. there is an edge with weight Λ0, we argue as fol-

lows. Let f (1) be the smallest weight edge leaving T∅(1) and let
X(1) = Pf (1). Then inductively, for k ≥ 1, if T∅(X(k)) is finite then
let f (k + 1) be the smallest-weight edge leaving T∅(X(k)) and set
X(k + 1) = Pf (k+1).

Conditionally given T∅(X(k)), independently for each vertex
v ∈ T∅(X(k)), the weight of the smallest weight edge from v to U \
T∅(X(k)) has distribution X(k) + Exp(1). It follows that conditionally
given T∅(X(k)),

X(k + 1) d
= X(k) + Exp(|T∅(X(k))|).

Moreover, if uv is the unique edge from T∅(X(k)) to U \ T∅(X(k))
with weight X(k+ 1), then Tv(X(k+ 1)) is distributed as a Poisson(X(k+
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1)) Bienaymé tree. Since X(k + 1) > X(k) ≥ X(0), it follows that

|T∅(X(k+ 1))| d
= |T∅(X(k))|+ |T(Poi(X(k+ 1))| ⪰st |T∅(X(k))|+ |T(Poi(X(0))|.

It follows that conditionally given X(0),

σ = inf(k : |T∅(X(k))| = ∞) ⪯st Geom(θ(X(0))).

Since X(0) is almost surely greater than 1, it follows that σ is almost
surely finite, and that f (σ) is the unique edge of T∞ of weight Λ0 =

X(σ).

Proof of Theorem 4.6.6. Write e0 = u0v1 for the unique weight-Λ0 edge
of T∞, with u0 the parent of v1. Then let

• T(0) be the component of T∞ − e0 containing u0

• T∞,1 be the component of T∞ − e0 containing v1.

Note that after exploring e0, all edges explored by Prim’s algorithm
lie within T∞,1. Also, Tv1(Λ0) is distributed as a Poisson(Λ0) Bien-
aymé tree conditioned to survive. Writing

Λ1 = sup(Pe, e ∈ e(T∞,1)) ,

it follows that

P
{

Λ1 ≤ x
∣∣∣ Λ0

}
= P

{
|Tv1(x)| = ∞

∣∣∣ |Tv1(Λ0)| = ∞
}

=
P {|Tv1(x)| = ∞}

P {|Tv1(Λ0)| = ∞}

=
θ(x)

θ(Λ0)
,

so conditionally given Λ0, the random variable Λ1 has density

θ′(x)
θ(Λ0)

1[x≤Λ0].

It also follows as in the lemma that Tv1(Λ1) contains a unique edge Prove a more general version of the
lemma, so that it actually follows
*from* the lemma rather than *as in*
the lemma.

e1 = u1v2 of weight Λ1.
Continuing in this way, we may inductively define a random se-

quence of edges (ek, k ≥ 0), with ek = ukvk+1 and uk the parent of
vk+1, such that with

• T(k) the component of T∞ − {e0, . . . , ek} containing uk

• T∞,k+1 the component of T∞ − {e0, . . . , ek} containing vk+1,

then
Λk := Pek = max(Pe, e ∈ e(T∞,k)),
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all edges of T∞,k have weight strictly less than Λk−1, and uk is a de-
scendent of vk for all k ≥ 1.

This implies that for each k ≥ 0, Prim’s algorithm first explores
T(k), then explores edge ek, and after exploring ek, all vertices added
by Prim’s algorithm are in T∞,k+1, i.e., they are descendants of vk+1.
This in particular implies that T∞ is one-ended.

Corollary 4.6.8. For any x > 1, T∞ almost surely contains at most finitely
many edges of weight greater than x.

Proof. The proof of the theorem shows that the sequence (Λi, i ≥ 0) is
a Markov process with transition density

p(ℓ, x) =
θ′(x)
θ(ℓ)

1[x≤ℓ] .

It follows that Λi → 1 almost surely. Since if Λi < x then all edges of
weight ≥ x belong to T(0), . . . , T(i), the result follows.

Exercise 4.6.4. Prove that for all k ≥ 0, the following all hold.

(a) Conditionally given that Λk = h, the random variable Λk+1 has density
(θ′(y)/θ(h))1[1≤y≤h].

(b) Prove that

P
{
|T(k+1)| = m

∣∣∣ Λk+1 = y
}
=

θ(y)
θ′(y)

e−my(my)m−1

(m − 1)!
=

θ(y)
θ′(y)

·mP {|T(Poi(λ))| = m} .

• Write Fy(x) = P
{
|T(k+1| ≤ x/(y − 1)2

∣∣∣ Λk+1 = y
}

. Show that
Fy(x) → F(x) as y ↓ 1, where F(x) is a cumulative distribution
function. Describe F(x).

It follows with not too much work from the third part of the exer-
cise exercise that T∞ has quadratic volume growth. Elaborate ... in probability? In expecta-

tion?Having described T∞, we now turn to explaining how to build M
from T∞.

To understand the relation between M and T∞, we define an itera-
tive way to construct M from T∞ via an aggregation process, in which
finite trees attach themselves to T∞ (or to other finite trees which are
already part of the aggregate).

Every vertex u ∈ T∞ lies in one of the finite trees T(i); if u ∈ T(i)

then write Λ(u) = Λi. This is the weight of the largest-weight edge
added by Prim’s algorithm when building T∞ after u is added.

Next, for v ∈ U let

τ(v) = sup(λ : |Tv(λ)| < ∞).

If uv is an edge of U with u ∈ T∞ and v ̸∈ T∞, then w(uv) >

Λ(u). Now remember that uv is an edge of M if and only if, in the
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subgraph of U obtained by keeping only edges of weight less than
w(uv), the components containing u and v are both finite. Since
w(uv) > Λ(u), the component containing u is infinite (it contains all
but finitely many elements of T∞), so

• if |τ(v)| < w(uv) then |Tv(w(uv))| = ∞ and uv ̸∈ e(M), and

• if |τ(v)| > w(uv) then Tv(w(uv))| < ∞ and uv ∈ e(M).

Now let M0 = T∞, write

∂M0 = {uv ∈ e(U ) : u ∈ M0, v ̸∈ M0} ,

and let

M1 = T∞ ∪ {Tv(w(uv)) : uv ∈ ∂M0, τ(v) > w(uv)} .

Inductively, given Mk, set

Mk+1 = Mk ∪ {Tv(w(uv)) : uv ∈ ∂Mk : τ(v) > w(uv)}.

Then
M = M∞ := lim

k→∞
Mk .

Writing Mv for the subtree of M rooted at v, when v is a “boundary
vertex” - the root of one of the trees added when passing from Mℓ

to Mℓ+1 for some ℓ - then we can describe the expected size of Mv

conditional on the weight of the boundary edge.

Proposition 4.6.9. For ℓ ≥ 0, for uv ∈ ∂Mℓ, for any λ > 1,

E { |Mv| | w(uv) = λ} = ∑
k≥1

∫
λ<λ1<...<λk

k

∏
i=1

exp(−(λi − λ̂i))

1 − λ̂i
dλ1 . . . dλk .

We omit the proof of this result as it is somewhat involved. In- I should add it in later though!

formally, the sum indexes the “number of steps” of the aggregation
process. The numerator in the product accounts for the probability
that a tree at the far end of a boundary edge of weight λi is finite,
and the denominator gives the expected size of such a tree given that
it is finite. (Recall: expected size of T(Poi(λ)) = 1/(1 − λ) for λ < 1.)

Corollary 4.6.10. M is almost surely one-ended.

Proof. Since ∂M0 almost surely has only countably many edges, it
suffices to show that for each uv ∈ ∂M0, almost surely |Mv| < ∞.
This in turn follows if

∑
k≥1

∫
λ<λ1<...<λk

k

∏
i=1

exp(−(λi − λ̂i))

1 − λ̂i
dλ1 . . . dλk
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is finite for all λ > 1, since the weight of any boundary edge is
strictly greater than 1 almost surely.

Fix λ > 1, and write Sk for the k’th summand in the above sum.
This is in fact fairly straightforward to show: since λ̂i decreases as λi

increases, we have

Sk ≤
1
k!

1
(1 − λ̂)k

∫
(λ1,...,λk)∈[λ,∞)

exp(−
k

∑
i=1

(λi − λ̂i))dλ1 . . . dλk

≤ 1
k!

1
(1 − λ̂)k

exp(−k(λ − λ̂)) ,

and so

∑
k≥1

Sk ≤ ∑
k≥1

1
k!

1
(1 − λ̂)k

exp(−k(λ − λ̂) ,

which is indeed finite, as required.

It is possible to derive more detailed information about M.5 5 See “The local weak limit of the
minimum spanning tree of the complete
graph”, https://arxiv.org/abs/1301.
1667.

Theorem 4.6.11. M has cubic volume growth: almost surely

log |{u ∈ M : |u| ≤ r}|
log r

→ 3.

For the upper bound in the proof, one may analyze the above
aggregation process, pretending that the trees of M \ M0 each have
diameter 1, using the formula for the sizes of trees of M \ M0. The
lower bound is more involved: it uses an analysis of Prim’s algorithm
on Kn, plus the fact that the minimum spanning tree of Kn converges
in distribution to M.

In fact, a more quantitative version of Theorem 4.6.11 is known;
it’s possible to show that there exists C > 0 so that almost surely

r3

logC r
≤ |{u ∈ M : |u| ≤ r}| ≤ r3 exp(C

√
log r) ,

for all r sufficiently large.

Conjecture 1. |{u∈M:|u|≤r}|
r3 converges in distribution.

https://arxiv.org/abs/1301.1667
https://arxiv.org/abs/1301.1667


Martingale limits and changes of measure

The next theorem describes how the dichotomy between absolute
continuity and mutual singularity of measures manifests when ob-
served along a filtration.

Theorem 4.6.12. Let (Ω,F , P) be a measurable space and let Q be a finite
measure on (Ω,F ). Fix an increasing sequence of sub-σ-field (Fn)n≥1 with
σ(
⋃

n Fn) = F . Write Pn := P|Fn and Qn := Q|Fn . Suppose that Qn ≪
Pn for all n, and write Xn = dQn/dPn : Ω → [0, ∞) for the corresponding
Radon-Nikodym derivatives. Then setting X = lim supn→∞ Xn, it holds
that

Q = XP + Q1[X=∞]. (4.6.1)

Exercise 4.6.5. In the notation of Theorem 4.6.12, show that (Xn, n ≥ 1) is
an Fn-martingale for P.

Remark. Since the Xn are non-negative, Exercise 4.6.5 implies that Xn

converges P-almost surely, so we must have P {limn→∞ Xn = X} = 1.

But it is standard that if Zn
p→ Z∞ and E|Zn| < ∞ for all n, then

E|Zn| → E|Z| if and only if (Zn, n ≥ 1) is uniformly integrable. This
means that there is another equivalent property which may be added
to (1) in Theorem 4.6.12: that (Xn, n ≥ 1) is P-uniformly integrable.

Exercise 4.6.6. Let (Xn, 1 ≤ n ≤ ∞) be random variables in L1(Ω,F , P)

such that Xn
p→ X∞. Prove that the following are equivalent: (a) Xn

L1−→
X∞; (b) (Xn, 1 ≤ n ≤ ∞) is uniformly integrable; (c) E|Xn| → E|X∞|.

Lemma 4.6.13. In the setting of Theorem 4.6.12, if Q ≪ P then Q = XP.

Recall that Q = XP is shorthand for the statement that for all
E ∈ F ,

Q(E) =
∫

E
dQ =

∫
E

XdP = EP

{
X1[E]

}
.

Proof. First suppose Q is absolutely continuous with respect to P.
Then the Radon-Nikodým derivative X̃ = dQ/dP exists and satisfies
Q(X̃ = ∞) = 0, so we just want to show that for all E ∈ F ,

Q(E) = EP

{
X1[E]

}
.
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For all E ∈ F , by the definition of the Radon-Nikodým derivative,

EQ

{
1[E]
}
=
∫

E
1dQ =

∫
E

X̃dP = EP

{
X̃1[E]

}
. (4.6.2)

For all E ∈ Fn, we also have

EP

{
Xn1[E]

}
=
∫

E
XndP

=
∫

E
XndPn (Homework)

=
∫

E
1dQn (Since Xn = dQn/dPn)

=
∫

E
1dQ

= EQ

{
1[E]
}

,

so Xn is a version of E
[
X̃ | Fn

]
. Since F∞ := σ(

⋃
n→∞ Fn) = F ,

the non-negative martingale convergence theorem then gives that
P-almost surely

Xn → E
[
X̃ | F∞

]
= E

[
X̃ | F

]
= X̃.

But X = lim supn→∞ Xn by definition, so P-almost surely X = X̃.

Thus EP

{
X̃1[E]

}
= EP

{
X1[E]

}
, and the result follows from (4.6.2).

Proof of Theorem 4.6.12. Let π be the average of P and Q, so π(E) =

(P(E) + Q(E))/2 for E ∈ F . For n ≥ 1 let πn = π|Fn = (Pn + Qn)/2.
Then both P and Q are absolutely continuous with respect to π, and
likewise Pn and Qn are absolutely continuous with respect to πn for
all n ≥ 1.

Write Un = dQn/dπn and Vn = dPn/dπn and let U = lim supn→∞ Un

and V = lim supn→∞ Vn. Since Q ≪ π it follows by Lemma 4.6.13

(applied with π in place of P) that π-almost surely Un → U and
that Q = Uπ. Likewise, applying Lemma 4.6.13 with π in place of P
and P in place of Q, it follows that π-almost surely Vn → V and that
P = Vπ.

Next, π-almost surely we have

Un + Vn =
dQn

dπn
+

dPn

dπn
= 2

dπn

dπn
= 2.

It follows that

π(U + V = 0) = π(lim sup
n

(Un + Vn) = 0) = 0,

so π-almost surely, U/V is well-defined (and equal to ∞ if U = ∞
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and V = 0), and

U
V

=
limn→∞ Un

limn→∞ Vn

= lim
n→∞

Un

Vn

= lim
n→∞

Xn (chain rule)

= X.

Finally, we already know Q = Uπ and P = Vπ. We may also write
U = XV + U1[V=0] = XV + U1[X=∞], so

Q = Uπ = XVπ + 1[X=∞]Uπ = XP + 1[X=∞]Q ,

as claimed.

Corollary 4.6.14. In the setting of Theorem 4.6.12, we have the following.

1. Q ≪ P ⇔ Q(X = ∞) = 0 ⇔ EPX = 1.

2. Q ⊥ P ⇔ Q(X = ∞) = 1 ⇔ EPX = 0.

Proof. If Q ≪ P then by Lemma 4.6.13 we have Q = XP so clearly
Q(X = ∞) = 0. We now repeatedly use (4.6.1). If Q(X = ∞) = 0 then
by (4.6.1) we have

EP {X} = EQ {1} − EQ

{
1[X=∞]

}
= 1.

If EP {X} = 1 then again by (4.6.1), Q(X = ∞) = 0 so Q = XP and
thus Q ≪ P. This proves the first line of equivalences of the theorem.

Note that by Exercise 4.6.5, Xn is an Fn-martingale for P so EP {X} ≤
lim infn→∞ EP {Xn} < ∞. It follows that P(X = ∞) = 0.

If Q ⊥ P then Q has no absolutely continuous part with respect
to P. On the other hand, XP ≪ P, so by (4.6.1) we must have Q =

1[X=∞]Q; this in turn implies that Q(X = ∞) = 1.
If Q(X = ∞) = 1 then by (4.6.1), EP {X} =

∫
XdP = XP = 0.

Finally, if XP = 0 then by (4.6.1) we have Q(X = ∞) = 1. But
PX = ∞ = 0, which implies Q ⊥ P.
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