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Contributing equally to your
domestic life is far

more important than hearing
me talk about critical first- passage

percolation on trees .

Feel free to disconnect and go

take some family time .



Branching processes ( percolation on trees) ①
Let B be the infinite rooted binary tree I!§II!
For pc.co.il , form a subgraph Bp of B

¥± . . . #do - Ln
as follows :

ILn 1=2 ?
Let (Xce) , ee ECT) ) HD Xie, -_ {° up. P

i v.prob . I - P
o O ← origin - root

Let Bp have edges ( e c- ECT) : yes -- o) .
o/\o

Wj ! ¥!:[ f!!Bpl subtree of Bp rooted at u .

Bp) Hollo !!! Hold.
Figured 1

Define Ocp) -- ftp.T) : lP( I Ecu,Bp) ) --a) =p (o -)



theorem ( Fund . them of branching processes) : ⑦(p) --0<=0 PEI -②

More strongly,

p > I =, PC tea , Bp) 1=2) so

P ' I ⇒ IP ( lecv, Bp ) I > n ) ± e
- Cp - n

" cluster size
p
-

- I → p( tech Bp) ) > n) T % exponent
"

r -- I
and

Plo Ln) - p( Ccu, Bp) nfnnto) s th
" diameter exponent " p - I .



First - passage percolation on trees g e. ③
Let They, := E Xe floe

,

e on x.y path ↳ f) Lz
= # ones on x -y path old floflofloea

,

d. dlotloldddddddolloe
,

:S
Tn.= min (This , v C- Ln) -14=1

'

Tex, y)
-

- 2

phase transition in behaviour of Tn at p --I figure 2

Ps 's If p > I then plots - ) >o so

innf IPC Tn --o) = inf Plo Ln) so .

In this case Tn To A



P'£ First moment method predicts first - passage times to first order :④

For CE lo, I) approximate

⑧ = IEC # { v C- Ln :Tco,v) sung}] = 2" IP ( Bin (n, I -p ) = Lcnj)
= zn ( In, ) (I -p)

"

p
"- ""

xcpc,

I
exp(n ( log 2 t clog Ita - c) log ,

+ c toga - pl th-c) log p ))
when pat :
for a near 1 , log 2 + Kcp, c) so and ⑧ grows exp in n ,

for a near O log ztxcp.cl co and decays exp . in n
.



https://www.lpsm.paris/pageperso/zhan/brw.html

Let c* = in f { c so i log 2 + x Cpc) so } ⑤
= int { a >o : IEC # {u c- Ln : Tco, v ) zen,})→a as n -s a }

.

NB c# so if pet
theorem ( Hammersley - Kingman - Biggins , 1970 's)

Tng → C
*
almost surely as n →a.

In fact
,
there is c' * = c.*Cpl >o st .

Tn -K* n - login) To for some a.s. finite no. Ta
( Bramson - Zeitoun

, Addario -Berry -Reed, Aiden , - . - )
Zhan Shi 's book on branching random walks :



p Not hard to see Tng o .
Can we say anything finer? ④

Them ( Bramson 19781 Try I (in fact they show
DekkingsiHost, 1991 ) 1092109h Tn - log, log n

-
-Opal)

Proof idea :

step I First moment . Let Pn = EveLn : Tco, u ) = 03 = Eco) nLn
figure 3,1IE I Pnl = 2n . P(Tory ) -0) = 2

"
- 2-n = I

.

.
;any fixed v c-Ln

G 's
'

q
1,2

step 2 Second moment .
for any ne Ln ,

IE [ Ipn l l ne Pn) = It
"I =

so Efl Pnl ') -- E.an IPC Tco.at
- o

,
Tosh f-

a.§n2
"

. Ell Pnl IUELn)

= E 2
- no mtg = ntlg .

U C-Ln



NB : Also IEC 1pm ) Iue Pn]=m¥ ⑦

so It ftp.nl/UePnJ=m=&mI=tz(nt2) ,
which leads to

Theorem (Kolmogorov) :

IPC Tco,u)=o) --pyo n)=2tonI p
-
- I

and PCI eco.BA/3nYstn.o--z

Step 3 Amplify . fur
-
- ancestor of v in La

.

• 0

For ask.cn
,
let Pack) = { u c- Ln Tour , v) -- o } 2! ,#fir

= # nodes in Ln with a

zero - path to level Is . 2" - Ln
Figure 4



IEIPNCK) 1=2
" (one in each tree) ⑧

Eflpn CHP) = &.sn/P(uePnlkl,vEPnCk) )
= u€n zntk - ( fu.eu/PCvEPnlHluc-PnCkD+u..Eu*zPn.cvEPnlHluc-PnCkl)
- -
-

zn (n-HI 2
"
- I

2

= 21. +2
"
- i ) - ( EIICHI )'t 2" (

"II )

so Va- ( Rent) = {ONE 1124417) if n=OCz
" ) login Ek -1041

of # 11211112) if n=ol2k ) K - log n Ssl

Chebyshev gives that PC lpnlk)llElPnH ) I C- (¥2)) > 530 whenever a-01217
I Pnllrllttlpnlk ) ) I whenever n=oC2 's)

corollary : IP( Tco, n) Elite) login) > BURN-141091130 ) I so Tco, n ) EH -10pct)) login .



Step 4 Iterate .
Step 3 generalizes as follows

. ①
Fix a set of m incomparable nodes U={2h . . - →Um} in B ,
For n>o let

pgyeuy-fvanithgen.desc.ofsoneuc-UTH.no}Agq§;,⇒,for n-- 0cm)
,
IP ( 1121631 c- ( I,2m) ) so >o .

for n -- o ( m)
,

I Pn(U) I = ( It open) m
Figure s

⇒ P.am/U)i--nO,Pn(U) has site -0pct ) - m
'

.

Now use the external boundary
c) ( Demler)) = { utopia) : parental c-Pema)}

as a new
"starting set " U

'

.

In the binary tree 1051451, so l U 't pCm4 .



This gives

IPs ma (U ') I -- -0p/m . IU'T = -0pct ) - m4 .
Repeat this sequentially :

④
-

U
' !-
- O f b ) figure

6

11)

( Pema ( U " ) I = -0p/m
')

. . .

% PEAU ) ¥
.

ooo U - U
"'

oooo .U
"

%
.
Pema (U"') o

. Holly . .
After K iterations

, haye ,
ooooou"

a set of size MY # "" 'U?
reaching distance m2

"

in the tree
.

After loglogn iterations we reach distance ⑤ (n ) . 2, ( za th n when
This gives the upper bound of the Deleting - Host them . he = loglogntoas)
For a matching lower bound, run the same argument but using full percolation
clusters instead of " height - truncated

"

clusters ; vol . and diam
. growth behauewsgg.ee,



① Percolation phase transitions .
⑦
d - -o in Epd

fix peco , I ) , keep each edge indep .
with

Cd --41¥ prob . p .

- This gives a random subgraph Edp
§ .

. Does 2- dp have an - connected component .

Let .

-

= ppl oc→ a)⇐Min 8,9 , the cluster containing⑦ Cp, Ed)
- the origin is infinite

Pc .

- = inf { pi ⑦ ( p ) so }
Fed) con just peed) )

Fact : ①(p) so <⇒ Bp ( F an infinite cluster) =/ .



? ? ?
Thy ①Cpc) = o when {& 71 FitznerwanderHofstad

d 36 Hara - Slade

↳ (spread out models)

(Time - permitting : mention cluster size exponents
in neon field setting :

pp! least > n) I ¥2
Pp. ( diam ;, least > n) s th .


