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“A recent study found no correlation between the amount of  nodding 
done by the audience during a talk and the amount the audience 
actually understands.” — @FactsOfMath, Twitter, August 8, 2019. 
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T = infinite binary ← o one - way infinite path vo.hr.. . . .Y &

canopy tree voor o
or to • node rn is the root of a complete

L-- leaves of T binary tree of depth n

•

Tn = subtree rooted at Vn

i.
ior yo

.

o↳ Ln = leaves of Tn

ffvca , b)
Functions on T : - input from children ④

- combination function at nodes at fb
- output to parents D D

Choose functions (fu
,
ve TmLn) ; this turns Tn into a function .

x = (xv.VELn)1- Tn (x) ← output at root un , on input x .

Either or both of x and (fu
,
VE TmLn) can be random



Examples

f. =/ ( a. b)
thatb with prob . p

④
..... . wit

:p
.. .. . iiiiiiiiisiitiiiiiis

Then Tn (I) =D # nodes at leve en in a Galton - Watson tree

Figg -- max Ca,b) +Drwith offspring dist . {I fifth 'E:b:b titty :-p mdiaspf, Hdmi:
= an o

= b

② Let (Dv , veT) be HD with law µ, let fu Ca, b) = max la, b) +Dr /
Then Tricot ! maximum position in generation ,aniefnenjdisbinmar's n - '{}{u}

branching random walk with /
(displacements at vertices )

③ Let ( Dv , VET) be HD with law µ, let fuca , b) = aDuo+ b.Dr , .
aDvotbDnf
orThis is a smoothing transform ; fixed points studied by ay qb

Durrett 's Liggett ( 1983) , many others . DuoDw Dv ,]
"

In fact
,
all these equations have been studied from the perspective

of fixed - point equations (sometimes wish to introduce a rescaling or shift) .
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Examples without a fixed -point theory

④Derrida -Retauxmc.de//''Parking on trees
"

. Here fla.bt-maxfatb-l.co) /
Question : Large - n behaviour of Tn(X ) where X - (Xv,VELn) HD with

some law µ

(answer of course depends onu)
[Refs : Hu

, Malkin, Pain , ; Hu, Shi , ' Goldschmidt,Przykucki , i µ
Chen

,Dugard, Derrida , Hu, Lifshitz Shi , . ]
Parallel connection

⑤ Random hierarchical lattice
.

Series connection Resistance → atb Resistance → aatbb
f. ={(a.b) '→ atb with prob. P

.

•
•
,
. * BMNH

(a. b) l→aa¥b with prob. I - p a

[Ref: Hambly - Jordan 2004 . ps 's → THI ) grows exponentially ; pa 's → TNCI) decays exp .]

⑥ Pemantle 's Min -Plus tree

fu (a.b) → atb with prob. p GET={ (a. b)→ min (a. b) with prob. I - p Theorem (A- C) lgg.tn#Jd-sBeta(2,1) o,

[Ref: Auffinger - Cable : n
pemantle conjectured that Fast.

(Open question : universality .

- what happens for other inputs ?) to-9nT.nl#d-sBetaC2 . ')



New model Hipster random walk
Vo is hipper Vi is hipper

Fix (Dv , veL ) IID .
Let fu be defined by f bt Duka -bf

(a.b) at Dutta .-b with prob . I at Duda -- b③ V ③ V

ca. b) 1¥ b +Dr Ia -- b with prob. I af fb af fb
Idea Think of time as running up the tree DW D " DW D "
1 One of vo , v1 is hipper than the other ( chosen randomly )

2 If another particle shows up, hipper child takes off.

We will study • symmetric simple hipster random walk- Dr={1 " Prob' I
SSHRW

-I wi prob. I

• totally asymmetric lazy simple hipster random walk→ Dr . {1 " Prob. P peco. . ) .
O w/ prob. I - p

TALSHRW

Theorem
>

For SSHRW , for any HD inputs I, T÷%I Beta(2.2) - I . ) Tofte,For TALSHRW
,
for any HD inputs I, T¥ d- Beta(2,1 ) below for

(44 -p) n)
's simplicity .



Note Result for TALSHRW very similar to that of Auf-finger -cable .

Recall Auffinger - Cable :

fu (a.b) → atb with prob. P
Theorem (A- C) log Tn (I ) d Bet={ (a. b)# min (a. b) with prob. I - p zj

→ al?"

Intuition (connecting mintplus and TALSHRW )

write LR for values at children of root of Tn .

If Tnt ) is growing on a (stretched ) exponential scale then its natural to

compare log L and log R .

Behaviour when I log L - log Rl small

If Hog L - log Rko then {UR * 2L 1094+14510914+1 thaiwseispthsecagmor.ng.nuawed
minch.R) ' L min ( log L , log R) a log L } increment

Behaviour when I log L - log Rl large

If I log L- log - then {Lt R = max (L, R) 109EUR) ' max ( log L , log R) fThis is just

mink.R) = mink , R) log (mink,R)) = min ( log L , log p ) log (value of a random child)



Similar intuition should work for the hierarchical lattice :

fu , {(a.b) '→ at b with prob. E
(a. b) l→aa¥b with prob. I

Intuition i Suppose Tn (It is growing on a (stretched ) exponential scale .
Write L

,
R for values at children of root .

Behaviour when I log L - log Rl small

If I log L - log Rl small then {LtR 2L log (LtR) s log (L) -11 This is the common value

LIRI EL log (LIL) - log CL) - I Klus al-H- valued increment

Behaviour when I log L - log Rl large
If I log L- log big then {YE - match. R) 10914,7' ' mad 1094109 ftohgisuaiiseiousta random child,

Lfp
= mink

,
R) log ) = min ( log L , log R )

Motivates the following conjecture : in the random hierarchical lattice with p
-

- I
,
Fc>o st

.

>

Roget) . I d→ Beta(2,2)
C n 3 2

(Disagrees with a conjecture of Hambly - Jordan)



Theorem (Totally asymmetric lazy SHRW ) # d→ Beta(2.1 )
(2nF

Proof Idea

Original dynamics .

Vo is hipper v1 is hipper

at Duda --bf fat Dukat Dr - Bernoulli (E)

HQs ax
voG VIO voor

By symmetry , can assume left child is always chosen.

For inputs x -- Cocu, VEL )
,
useful notation : Tn (x) : - Tn ( (xv.veLn))

I Tncx) if Tnlxlttncx)

T
,

Taxi
- Tnt

'

'
'" - {Tix , +Dr

"

if Tn# I'm
1
.

-
-
-
-T

-

-
-
-
-T

Toki I
* * * * * * *



*of Idea
( Totally asymmetric case) Pn ( K) ( I - pack )) ← left child -- k , right child th.

✓ {pn (t -1)
4- both = K - I

,
make a step

(et pack ) = IP ( Tn(O) = KI 's Pn (KP ← both -- k
,
be lazy
-

Then pntilk) = pack) ( I - puck )) t I pnlk -D't I pnlkl'

Rearranging gives Pna (H - prickle - tzlpnlk) Ipn Ck - y
' )

This is a discretization of the inviscid Burgers ' equation # Ugx,D=
-I (ucx.tt)

so we are trying to solve the (measure - valued) initial - value problem u,
= - Itu). = - U U.

{Ut = - UH ,
t > o' " ER

(Dirac mass at O
,
understood

Uolx) = folk) = Ipc --ogf as a prob . measure)

Ignoring space-time points of discontinuity .
*

this is solved by Ui Rx lo, a)→ IR given by

Ucsc,t) = {%,
Osxapp

o otherwise

Note ult
,
x) is the density of a scaled Beta(2,1 ) .



Proof Idea
(Symmetric simple HRW case) gnfk) ( i - g n Ck )) ← left child -- k , right child t.li

Let q n Ck ) = IP ( Tn(⑤ = k ) # {9nA -Dk both = K - I
,
make a t I step

(k-1112 ← both =k
,

make a - I step

Then gntilk) = gn Ck) ( I - Gn Ck )) t I 9nA -ik I qnlk -1112

Rearranging gives gnu (H - qnlkt-tzfqnlk-T-29.nl/rYt9nCk - 15 )
2

This is a discretization of the porous medium equation # ucx.tk I (ucx.tt)
so we are trying to solve the initial - value problem
Ut = U2 )xx , t > o, see IR{now, = Solos - A-ex --o]

Target solution i act
,
x) -- max (⇐ ( ¥)

's
-%) , o) ;

truncated parabola . Density of a sealed Beta (2,2 ) .

Rest of talk : focus principally on TALSHRW



Inviscid Burgers ' equation Initial value problem
UH.tk -I luck.tt)

Ucsc, o) = Jo (x ) ← Dirac mass at O
.

Note : Any function of the form ucx, t) -- xxtpxtt8
Satisfies # ucx.tk -I (UCx.tf)

Special cases i

× = I
, p

-
- 8=0 ucu.tt = ¥ a >o : solution flattens out

} Target .

-

a mixture of
a =p -- o , 8=1 ucx.tt -- o 4=0 .

- flat line these two solutions
,

a = - I
, p

-
- a -- I ucx.tl = ; a > o : solution steepens with time ( problem at t -- I . . . )

why should (Cpnlkl , KEE) , n>o) converge to the claimed solution?
This is by no means obvious . ( A bit like Ito us .

Stratonovich integrals .)

warning example : solve pm , (H - prickle - ftp.lkkpnlk - y
' ) with Polk) - {02 ' II
Get pnCH={3 . E. Inn



Heuristic "

naturally arising
" difference equations pick out "physical

"

solutions

what does " solution" mean ? # ucx.tk -I (ucx.tt)

Potential solutions : functions of bounded variation .

UH, o) = folk )

"

Locally integrable functions u whose generalized derivatives
are locally measures .

"

Wolpert 1967 )

This means : r
Notation !
-

3- a Radon measure a =/ uh , ult) on Rx fo.-) , taking values in IR? sit .
° I DUI is locally finite

° For
any C

- test f " O : Rx Co, a) → IR with compact support ,

= : fucx.tl Cost) dxdt = -fax.tl DUH.tl
j .

in

(fu East,Suffolk.tl ) - Hola.tl#i.fx.ttfolcx.tKTuHx.tD



What does " physical
"

mean?

Viscosity solution add Gaussian noise and take a small - noise limit .

solve {# UH.D= -I luck.tt) + E "" ' t)) ; let e. → o and hope for the best
.

Ucsc, o) = I exp ( - x4ze ) ( Not a helpful perspective in our setting .)
*

Mathematically formalizes that "

in a fluid
,
shocks increase"

Entropy
"lgeneralized solution disorder I have a scattering effect

"

.

Consider a Cauchy problem of the form { did =¥, Alak,t ))
- bukx.tl)

Ucsc, ok uol.cl T- bounded measurable ft
.

A generalized solution of ④ is a weak solution Ust . for all c EIR, the following holds .

Let Mu - set of discontinuities of u .
Let u -- (v.c.Vt) be the normal to Mu .

Then (signlat - c) - signCu
-

- d)ka- c) if + beat)- bcc)) so " Scattering condition
T Y n y

'

near discontinuities
"

mean value in direction IV lsymmetnicmean value
in that the 1 - dimensional Hausdorff capacity of the set of points where this fails is zero .

Wolpert (2000) i Proves uniqueness of the generalized solution under weak conditions on A , b .



In Wolpert 's result , initial condition must be a fn; can 't start from the measure Jo
.

First step start Burgers . from a smoother initial condition of the form Moby = ÷ I oexerzto
( think of to as small) .

Probabilistically what does this mean?
Uo is density of zto . B where B - Beta (2,1 )

HMM
Fix Mso and define Ug ( Mt

-
- M f Uo (x) die .

for j to sit . Ins Fto
jim

Then Eugcmtt , so ( Uglml , j >o ) defines a probability distribution on { on. . . - LM - EtoB
j

Not Let XM-fXY.veL ) be vector of IIDs with PHY - j ) - ujcm) ( discretization of Uo at mesh size la )

e : Tn ( XM) is value of TALSHRW when initial distribution is In -mesh discretization of FH - B
.

Lemma we have Pf Tn (XY - j ) = -1 UHM) , where (UHM)) no
, j >o

is defined by the
M

'

recurrence Muni"-- Mai - taunt'- fu:D .

Prod Easy induction o



Second step Convergence of the fine - mesh approximation .

limn) f IP (Tj ( XM)
- i )

↳qggg••••@@ooI
The spatial mesh is In

.
We take a temporal mesh of Mt .

o.oo.co#Unlt.xs=utt.mn3lms=PlTu.nylX7=ums) for t.sc?o.!4.4g!./;$Call Uma Im - fine mesh approximation of Burgers ' equation
oo.ro#

Theorem ( Evje 's
,
Karlsen

,
2000)

From a bounded variation initial condition
, the mt - fine mesh approximation converges to

the generalized solution U of Burgers . equation almost everywhere on Rx lad ,
and for any compact Cc 112×10, a )

, fat Umbc, t) - ucx.tl/dxdt → o -

Generalized solution → The correct solution of our problem ( this requires verification
but is basically technical)

conclusion Un-s u defined by Ult. x ) - Ft A- oexsfzct.TT
Ev je & Karlsen in fact prove convergence for general monotone finite difference approximations of

Cauchy problems of the form 0¥ = %2Aukx.tl/-%bcucx.tD , with smooth initial condition .

So we can also use their result when we study the SHRW .



Implication for TALSHRW

Corollary For so small
, if Us Unit ft- e, It e) is independent of X , then as M→ A ,

Till Mj ( XM) d
Betaken ) .

zc¥Tµ
→

Proof : For any compact Cc Rx (o, - ) ,

Hel Pl Tony HT - "Ms ) - ii. do.ae#*/dxdt → 0

Taking C = { lost) : It - Hee, Osx tarty , this yields by the triangle inequality that

f.
" +,

(T.my#karzHttoTM)-!atItodx/zgdt → o
as me, •

(There are "discretization errors" coming from the floors, but it's easy to see these tend to
0 as M -o A.)
Since U has density at # It -hee , the result follows . o



Last step stochastic domination
.

Proposition
If x -- ku , u c-L ) and y

-

- Cyr, veL ) are such that Kut Eyre El and are yr for all u c-L
,

then Tn ( x) TstTn ly) for all ns.t .
Proof : A straightforward induction .

B

corollary 1 For all n
, ME IN , Tn ( XM) - Lfztijssttnlo) f,Tn ( J )

Allows us to compare all - o input to random input with 01M) error (recall to > o is fixed but arbitrarily small) .

Corollary 2 For all MEN
, Tc, - e)me (XM) Lst Tvnz(XM) Kst Tate,m2 ( Xm)

Allows us to compare fixed time near M
' to random time UM?

Sincejejunum. ( Xm) Is Beta(2. 1) , corollaries yield that Trnzlkmmt do Beta(2,1) .

stochastic domination argument more delicate for SSHRW as dynamics non - monotone ,
but core idea of the argument is the same .
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