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L. The MST Fro,o'em
G:(\/,E> {'\\.(\‘l‘{Q COflﬂECl’Go{ ﬂr\cJ\P;L,

/‘\ SPO\ﬂf\ir\g 'For‘9_3+ 1S G Sdlajr*O\Pl’\ F: (\},E) E,E E
W H« no c7/cle8~ Tt s a qunnin3 tree P it s al<s

/

connected.

For fixed positive weights (Ue)eer, the weight of a
SPaM\ing ‘ILPEQ T G is Q)(T>= zue

ReE(m

Sa\:})_r[s the MST of G f
W(T)= min{w(T): T'a spanning tree of G}

Tf weigHs Ue are all distinct then MST g unique.

. . « 3
! , W, . \ . L
A as o W LRI R g4 s Ry e N e -y . < > a8 ¢ 7" yd . ] o A
. ., - - ’ g AT PR A [ TV * A LvhAY » - Y AP "4 o o A - 5 » i) 1 \ o - A N AL Yoo o X L3 N o ~ .
4 el oy s PN e AT P A N R o O e S L R 7 7y Oy T S BN MRt s R 5 L P P S IR ) o o o O e i R P R e 0y LLw AR W
» . i - " - . - I . - -



, MST A \3or‘i“\m5,

Greeo!gr Keruskals a'gor‘il(lqm
Order E’-’-{e‘,ez,..., em} <. Ue,< Ue;--- < UCM
Ced F. = (V, CP)/ €MPJr3 goreS'l'.

Aim: Maintain thad F ‘=(V,Ef") is the minimom Spanning forest
of G <(V,5e,..e1) N

P

C,OMPOHQ/\"’wiSQ MST

» Eiuiem% i His creates no cycle,

Let E { .
C.

O‘H\er‘wisc,

.

OM"PU{' : FM= (V/ EM) which 1S Hr\e MiNimuMm sPaN\M3 'I‘Pee,

[Aside: Kr‘u«ska|’5 a\gorﬁH\m 7Cina|s o min-wein basis 'For any mmlroir),
OMO\ “\is ckamcrfer‘izes mO\'lr‘oiOlS.
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LT NP T f’f“..'-l"“ Y % et e SN e "*..’ N T A R By ) T‘-‘-,\’)\ W SR taes = P o 722 a2 Sod 13 ~ .- “r ARy \
. M S [ /4 30(‘ |-'- ms .

LOCG , : PNM'S O\‘SOP;‘H\M

Fix QA S‘l-ar-linj \/er-]-ex (m P00+) V.
Se* T‘ = Gv}) 4)3/ A tree with 1 ver+ex

AJM Maif\“‘a\in H\a& TL =(Vi)Ei) 1S H\e Mminimum %Pannin3 +ree
of G‘V; = (\/g){uve E: UGVE,VG\/;]S)

For‘ |5('<'\/l) |€_"‘ €5+‘=UV be 'Hne SMa“CSJ‘ weigH eojse, {zrom

V. to Ve —
‘ f \/ J_n—l-eres"-ing l‘tarol
Let V., =V u{u,v}{ E.. = E.vieu$ Ctue_s-h'ow when do

local algor‘hlkm S )/ield

' S
Then TIVI is the MST (near)'0P+‘”a' ou{-Pm‘S?
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T . Ranolom,'za\'}{on.

Aver‘osse-ca\se O\nalgsis= unolersmlanol ‘oelf\aviour‘ o«f on alaorh‘hm w\ner\
a\verasgeof oVver 0\“ possikle MPU']'S.

[Smoo“'\eol O\ﬂd'(ﬁ%iS’ unoler‘s{anol L)ekaviour‘ oNn ror\dom pemlui‘ba\-l-ion

of in’pUll ola‘}a.]

Alaor}'l"l\bv\fc Comp’e Xi'}g
¥+

Ave_mae- case C‘_omplexib
4
Probabilistic difficulty

MST IS dl%OP“lLWCduj easy but ’P"olml)'vl;s-hcallcj clnallensit\g.
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“ ‘ . Ranolom»‘za'}{on,

Mean- field

G‘rapl'\-‘- K,\ = com]:leJre <3NAPLL;
n vertices

Edae weisHv
ino‘epey\olejl‘l; io‘en—lico\“ﬂ o{iS'}P;LUl'COL

Un;(()(‘m [o) ‘]
[Kwskal's alcﬁorih‘w\ onlj uses eo’%&

o:-olerif\s; so any TID conthinuous we.\?)Hs
e law for MST Vieweol S

35\16 Som

on vmooeicam'ed 3f‘0\Pl"-]

Theorem (Frieze, 1985):
Le+ Ta= MgT(Kn)-

Then w(Ta)2 S,

NS e e B S R

= uclidean

Za( , N eahes'l'- ne iy\l:our\ eolses

Edﬁe weisHv
ino{epey\olejl"; io\en'hco\“” olis*r;Ldl'COL

Uni fo M [0, l]

[Or\ oS SFGFL\S SoMme Care (S neecled=
KPUS“‘*I r‘\enl oLv{ous‘b well-Je'pineJ;
Peim well-olefined bot Too

may not reach all ver+ices]

! T nvasion Pe rcola“ ion“

Theorem (Newman, 1995) :
Too has O o\ens;jrﬂ <=> No ?erco(ovhon

a-l- cri'licotlf'lg.
F e T D ",:m,,"_.,t

%
b

M TR e 2 -
¢ v o o “ "~ o o

~




S0

¥

b

v

e
At

3]

*

- ke ? AT .
en i s - -
- > .
- " L . L
2, y .
2 : 5
. - . !
R i
- L n s

s

-

Ar. Vo
2 _,r’.'- }/g-f, .
DT
g Ay
) s

ARy
L
At

»
s
-

\:

Lrei
Sy
e ]
S\
. .

oS
SRELTRY

e

S

. Y‘; o




vV e r‘cola"'lon

rx connec*eo( 3P0\17l'\ 6’ (V t) IID Umr()rwl[o»'] (’.0(38, weljl\'l's UC 8CE>

Set E,={ecE-Ueer} G, =(V.E;)
ASSume_ G +"°"‘s.'"'ive‘ V U,VG\/ 3 an O\Ul'omor')\n‘nsm \P OJ: G w'\*n'\ \P('U\)':V,
,Percola'l'io!\ *”’nreslmo(d (For G— ir\?inl}e):

Pe (G) = iﬂ‘r{'refo,l]z IP(G has an infinite connected c.emPonef\-l-)> O}

P (B)=1; P % 5 P(Z) =55+ 0(z)s d large.
For \/Q\/ wr,’}—g \ ¢ Ge > oo if vin an infinite comFoﬂeth of GF"

Le-,. @ <G) 'P (04 oq) ‘Doesn" (JQPCV\A on POO“/ONSN\ OC\/

DQ‘P'\(\;‘\"@(\: G’ PQPQQIQ"'Q'S O\‘I‘ Cr‘ljrica\{{'j rr @FC(G> > Q
Con\}ec*ure: No Percolo\-hon ot cri"'icaHS In Zj’ all 0(32 KM )['or o|=2.,c)>'o.

e TN
g L),
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Y, ’Perco|a-hon on -fir\'.\le_ Sr‘qpks,

The Percolajriof\ process (G—P,ospél) still makes sense but all compof\emLs

ore -P;nhle 1QP e_uer:cj P.

Mam& Poss}lg,e de-r;nﬂ-;ons o‘F Percola'l-;on *\'lnres‘\olo‘.

Onre POSS:L:I)',B which *works” 'cor‘ Ma‘“j 3€»OM€"’P{QS=

Orc)er Componefl'}s o-p GF iNn decreasinj order o-r Sige oS (CF(Q))izl).
Let pe=infip: E[lc,al/IG0] s 728,

(In—\uijciow Once 9ian+ c_ompone_n-l' QPPeaPS, 0{“ oH\er Covmlbonen+$ MUC}\ SW\O\“eP.)

Meo\n-fieloi‘ G:=K,. Then Fer‘co'w},‘on on gives the Ero\é’s-'Rér\\tji

rondom Sralok process, +3Pi°q“_9 dencted (G"'P’ OsPs l).
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il Percolation ond MSTs.

Assome G=(V,E) faite.
IID Uniformlo ] eo(ﬁa weiﬁHs (Ue,eéE) now ond forever atter

Recall Wu{'\/\ IE=$L€‘,62,..., CM} oro(ereot s4. Ue.< ue,_"" < UCM,

Krusko\\‘s 0\|30r~i-|-L\m modn-l-odr\s H\W,‘ Fi=(\/)Ei) s H\e
Minimum SPO\N\if\fj 'For‘e_S'l' 010 G‘i ‘(\/,S(Q,,_.,,Q;QO; Fm‘(V,Em)

'« MST.
l/\.M"A 'Pi = UQU 'H'\en Gi = G-F’i ‘For a“ L
Set Ef=iecE.: UesPy Fo=(V,ED)

Tken -l-l«e vemlex SleS of c.onnec,{"eol componeﬂ+5 of F;, and GP are ioleﬂiica\‘.
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Distonces cdetermined ;
by major routes, so

Penmla+,'°n -“\rCSL\OlO‘ P‘ knowﬂ l;g ‘|'im€ Pc.

D;mension omol \/olume, ‘3“000‘Hﬂ

; Heuristic

’FoiII'l' ot wl\icl'\ |oﬂj“'°"‘j€— CO‘:‘"QIQ‘hOI\S/abb"J swlrocwlure OPPCQP' “

At kmes pipc, al {inite/nongiant components are smal| -

E[Size of component C of Gp containing v |C+C,(0]= O ()
Percolation -MST coupling then suggests.
Construction of major routes of MST completed by tme = P

Ruml r‘o‘?A"'eS C:cmr’lec:]l to neomlo\'j Wsl'uwoys.

I‘F JMST (v, w):= GFGFI’\ o‘iS"’ance Le'l'ween v andl W m MST
d. (w) = # highuay edges on v-co poth (ec)jeg of Cop. (), saj)

T hen SUP{'E (JmsT(V)w)/CJHN(Vlw)) VAN 6\/§ K< o0
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T
S, 1

D%mension omol Volume, car‘ooo‘l'l’t

On a-vemle 2C 3rospk G"’(V,E) wi‘“a Fercolm+ion -“nres}\olol Pc,

SUP{O{MST (v,w) ‘V,w € CP<‘)} ~ ﬂﬁ
TLe_q GXFCC"‘ MST "'o l«qve

* oli ome:ler* O(ﬂp)

/g
. volume 3r~owjr\,\ "é_ E[#{wev: C}MST(V,w)skﬂ = k

. , , . " 1
‘e with “atrinsic olimension /F

¢ Scoxlifg |
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\vaI\ RQSUl'l'S. d_> 5 converges in distribution

Let Ta

be MST of K, Then

L] n/g

° TLere_ 1S on in«{’;z\il'e, Pnno’om FOO‘I'QA "ree, (T; /O) S()c)\. "H""\:l' (Tnifﬂ)j_) (IF)

i(\ 'H\e.
and |E

* Tlnere
with M

o‘]o\w'\(Tn) d >D, {Cor Some Con‘knuous NV D) omo( - [oliam(Tn)/n"zJ—qrED.

'Ben;‘ami’li-gc)\mmm sense (c.onve,r%e,y\ce o'r locq, 3“0\?1’\ S"‘a"’iS‘l';CS)

1B(p, k)| %k

IS QA (‘o\r\O'om comFaC"’ mea\so:‘ed me;l'p.‘c_ gpace T-—-(T) OL/M)
inl(OwSLi dl{mer\Sion ?), suwch ‘H«a\Jr the ‘co”owir\j Lo'ols.

Write V, = vertices of T, =vertices of K.

| . - L = empinica| me v
Le:l' o{n: (f/3.(3ro\?]r\ oliS','ance, N T;\)) /Mn" n \Z‘_—’Vnd‘\v < f’ C ' osure oOri Vn

Then (

.
e T A , 0. A 4 ’
S 8 00 I el U L2 754 4 e

. 1S, . g PO Y N e SR A P < '

S

\/n, ol,, /uﬂ) d—> a_:-’ In the G romov- HaUSO‘Of‘w sense.

ny
"I"‘ Foth 4 ady
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X Allecnate deseription of scaling lint T
LC')‘ H; be o rondom S‘r‘eju‘al‘ 3(‘\0\1)11 W;'H'L I( VCP"'!’CGS_

* GiVQY\ H,:, CL\OOSC avt edﬂe e;__” o“ HL un,’(ormlﬂ O\'} f‘O\VlCJO\M.

—Remove € ‘l'o C"G’mle Hm unless 'H«':s would o’:‘sconvlec} H,:

° ?QFQQ+ U"\'l‘i' \o more Cvcle.s,' Cq” PGSUH Hk.

o Scale d;S"'Qf\CQS ,:33 C'k-l/% Ie-'|' ’(—> = ReSUI+ lfras Some ,0‘(10 aS T

Coro“o\r3= T i« alse the Sca‘;/\s limit of the MCT 01(' oncoMm 3-reﬁulo\(~
qraplr\s.

c-tl

e+l
Hk
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v PO | 1" ¢ s

X Un;versalijrg ; ex-}emiong

T he tree T is expected to be the MST sco\'il\ﬁ limit on any

) lnialn- cj{/mensional“ %FO\PL\, C.9.

¢ PQRO'OM O\-FG3UIO\P 3(‘&]31‘\5

- the kjperc_u\oe, 4
e the 'ox'H‘ice +or0$ (Z/le) 'ﬁor‘ d>%

FO(' |0(~) O‘;Meﬂs;c’\s 'HI\Q, F;C{'ure 'S Blur‘r«j.

C_l_‘_z : que MST SC“(;"j lim'l' (a\s an ew\[oeJJQJ o‘o)e&) exis{s ond has
CJ;MQV‘S;OH c <I+ €, 7’/4). (GorLan,Pe'l'e, Sc,kr@lmm 207?)

Numerics $033€5+ dimension 1.22... no noﬂ-f\umerical ‘Pr‘edic-l-io{\s "

kajSicS iterature.

2<d<6, Wide open. 6<d €8 Opinions vary.

d di’ do . . “ - » » o ~ . ’ '
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