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T q"-height
(t) =3

-&&xno height(r) =2

Height:Greatestdistance from

any
node to the root

Q:How tall are random trees?



Part One: Models



Models of Tree

·Bienayme Trees*
*Family trees ofbranching processes

children
offspring dist. M reproduce
Let X-M,T-Bienaymi(a),(c)independently.
·EX: 1

"
P(ht(T) =2) > 0 -children

& dist. as M
EX =1 <1, 1E(X) < &

IPCht(T) =h)-a.x" (Kolmogorov, 1938)

EX =1, 1E(X)<

⑪(ht(T) =h) - Fix).
Kolmogorov, 1838, Kesten- Ney-Spitzer 1966)



An aside aboutequiprobability
t

Type of tree t
Malt) =#Eret: v has d children)

F(t) =(na(t),d>0)

molt) =#leaves of t
n(t) =(4, 0, 1, 1,0,0, ---)

*
"degree"

I. T is Bienayme(n) -distributed ="A children"

tree then for any fixed treet,

4(T =4) =m[degyIVIL =aMEdrast -

so if a (t) =(t) then P(T= t) =P(T=t').

e.g. M
=5d +d, + ,d This tree has prob.

↳. =i
All trees of the same type are equiprob.



2 Cayley Trees: Rooted labeled trees Cayley's

in =Grooted trees -with v(t)=41,2, ...,n33 Formula:
ur

[n] IT=n

-I

=2

=3

=4

# supremum of standard
X Brownian excursion.

For Treu Tn, ht)Tn)/n" dist 2H (Renyi+Szekeres, 1967)

Ic,(x0:P(ht)Tn) xn") - (exp(- as) (Lucca 188S)



From Cayley to Bienayme

For TreuTn, ht)Tn)/n" diss 2H (Renyi+Szekeres, 1967)

Ic,(x0:P(ht)Tn) xn") - (exp(- as) (Lucca 188S)

These results also hold for (some) Bienaymetrees

Fix u, X-M with EX= 1, Var(X) =0 2 =(0,x)

LetTube Bienayme(m) conditioned to have a vertices.

Then

ht)Tr)/n",Has n+x (olchin 1978)

Ic,(0:P(ht(T), xn") - (exp(- cx) (A-B, Devroye,
Janson 2013)

Conjecture:If o =0 then ht(Trm)/n"** O (anson 2012)



The connection between Bienayme and Cayley

Cayley Trees:Rooted, labeled, unordered
4 4 3

3 I I 3 F I 4

2

BienaymeTrees:Rooted, unlabeled, ordered

# -

The connection:Rooted, labeled, ordered trees (with given
4 4 3 degrees)
3 I / I 3 # I **

2 "degree"
2 2

="A children"



Rooted, labeled, ordered trees (with given degrees)

In a rooted, labeled, ordered tree with degrees (d,.dnl.

· Vertices labeled by (n)
· Edges labeled by Si, ..., id:

Example:
4 I I

31

3 I 3 4 4 3& 2, 22

12 3 4 2
2 2

(d,dz,d,dy) =(0,2,1,0) I 4 4 I 4

2 2 I 3

3 3 2

NBFor d =Id., ...,du) to be the deg. seq. of a tree,

necessary + sufficientthat dr, ...,an EIN, E,di=n-1



Prop:Fix d= (d,
...,
dn) st.d,

...,

dn EN, Ed, =n-1, let
Tr(d) =Grooted, labeled, ordered trees

with degree sequence d3.

Then ITn(d)) =(n-1)!

Proof:Line-breaking construction

In example, d =(d,...,du) =(0,3,1,0,2,0,0,1) 4

Starting tree:Justthe root B
E 3

Rule:head from current tree to

smallest-labeled leaf'srecord /
edges observed along branch. 4x

First branch:22 S2 2

Second branch: 5, 3, Output:Permutation of tree edges
Third branch:Is

Fourth branch:2, 8,
↑ i,,

..., id: 22525, 3,22,8,
i
=

1



Prop:Fix d= (d,
...,
dn) st.d,

...,

dn EN, Ed, =n-1, let
Tr(d) =Grooted, labeled, ordered trees

with degree sequence d3.

Then ITn(d)) =(n-1)!

Inverse Process of line-breaking construction (diff. example)
81

2,22 23 3, 5, S2

↑ ↑ 40 =8 =d =(0,3,1,0,2,0,0,1)I 2 3

Fix a permutation of Si, ..., idi
I

22. 8,3, 2, 52 2 5, ↑
E 4 3

I 4 6 E S ! G

This is a listof the edges of a tree -
Irule: repetitions or edges to leaves, in order) 2



Corollary
# rooted, labeled, unordered trees with degree sequence

(n-1)?
Ignore orderingd =Cd,...,de) is (n)) =

=

di---.dnbof children (subscripts)

Corollary
If (n;,io) is st. :=, in:=n-1, then
# rooted, unlabeled, ordered trees with type (n,, is, of is

(n - 1)!

! permuting names of vertices of same
i30 degree yields the same unlabeled tree

n- 1

Corollary ITul=n
Kayley's Formula) in =Grooted trees -with v(t)= (n)3

Proof:In the line-breaking construction, allow any integer
from [n] in each ofthe n-1 positions, and ignore subscripts.



The combinatorics allow results to be easily transferred

between models.

Example:Facts aboutBienayme trees can be derived from
facts aboutlabeled, ordered trees by"averaging
over the type,"since trees of the same type are

equiprobable under the Bienayme dist.S



Part Two: Results



The heightof random trees:universal bounds

Theorem (A-B, Donderwinkel 2023+)

LetT be a random tree with type (ni,so),

write n= ":2.
Set d=1

Then P(ht(T), xn") -5 exp)-co

Theorem (A-B, Donderwinkel 2023+)

Vaxo, 7 c,CO, no> st. the following holds for all no no.

Fix man offspring distribution with Math,Idoa
MotMi

Let Tui be Bienayme(m) conditioned to have a vertices.

Then so,

P(ht (Tun),xn") -(exp(- xx2)



The heightof random trees:variancedependantbounds

Theorem (A-B, Donderwinkel 2023+)

LetT be a random tree with type (ni,30), write n= <2
Set o2 =gili-1)Di, (O =o? Then U2",

U

P(ht(T),xnklog(+)-4 exp)- xlog(0+1)/24)

Theorem (A-B, Donderwinkel 2023+)

Letus be an offspring dist. With adu(d)=1, ad(d)=2,

let I be Bienayme(m) conditioned to have a vertices.
neS

Then EECht)T (/rn) ->0.
nic

Theorem (A-B, Donderwinkel 2023+)

Letus be an offspring dist. With duld)sI sit.

Eetucd) =- for all to 0. Then l(ht)Tn)/rn) ->0.



The heightof random trees:stochastic comparison.

Theorem (A-B, Donderwinkel 2023+)

Letus be anyoffspring dist. With m(13) =0.

Lett be the offspring dist. With r(0)== 5(2).

Then ht)Tn,m) 4stht (Tnx, r)



Part Three: Proofs



Proof idea:Line-breaking Theorem (A-B, Donderwinkel 2023+)
*

LetT be a random tree with type (ni,isol,lassume no degl
vertices for simplicity) write n=: 2. Set d=1

Id. . . .,dn) to deg. seq.
with Then P(ht(T), xn") -5 exp)-co

no entries
=d.

I =(t, . . . -,tn -1)
2, 5, 6, 82 Ils 8,4412, 32 ...

~U.rand, perm, of

E.Si, ...., id:3 I
· LetCK) ==Label of Tr 25681184123

Sif Tr=i; then (t) =i)

· L:=Length of firstbranch
2 S 6 8

↳
11

L=6

-min)t:l() =[I(D), . . ., l(t-1/3)



Prob. of ending a branch increaseslinearly in time.

at least
P(L=t) (() . . . ., l(t-1)

-its deris). Bern...,(-)
distinct 2, 5, 6, 82 Ils 8,4412, 32 ...

So, P(L=t1(> t -1)

=4(l(t) = 3 (1). . . ., l(t -1)3/
ll.....,C)distinctl
!

25681184123

=(P)(t) -i)l-ni
<exp)- it

- 1)2(n- x))
2 S 6 8 11

↳

P(Lx+1)<exp)-) L=6

↑

Sub-Gaussian tails for length of firstbranch.



To extend from "firstbranch"to the height:chaining.

Branches attached between time (2", 2"*r)
have typical length = in/2".

We prove a maximal inequality to control lengths of

all branches attached between time (2"m, 2"()

simultaneously.
~ IP (heightgrows by n/zilz

between time (2", 2"()) - expl-ixY2)

Then sum the bounds.

W



Theorem (A-B, Donderwinkel 2023+)

LetT be a random tree with type (ni,30), write n= <2
Set o2 =n ili-1)ni, (O =o? Then U2",

P(ht(T),xnklog(+)-4 exp)- xlog(0+1)/24)

Proof idea:line-breaking again. (Assume 1,to so o =o

~ ·P(L=t1 1(1) . . ., l(t-1)

-its deris). Bern...,(-)
distinct

· I =(t. . . . .,n) no U.rand, perm of E.Si, ..., id:3
· ICK) ==Label of Tr

* Elders) typically grows
like to so

firstbranch length1=/0.

* log(o'+1) =loge+)needed in chaining when a large.



Images by
Aside. Benedikt

Stufler

Can also use line-breaking to study

T(b) =
=tree spanned by
firstto branches

Gives access to the global metric

structure of random trees with

given degrees.

Used by Arthur
Blanc-Renaudie to

prove that
random trees

with given degrees converge
to

Inhomogeneous CRTs.
(Also to

prove
random graph scaling limits)



Lower Bounds

Theorem (A-B, Donderwinkel, Kortchemski2024 +)

Ifu is a critical offspring dist. Then

ht)Tun)/logn &

Proof.In this case with high probability, in the line-

breaking construction there will be a run oflength

logn where only new nodes are seen

=>Branch of length login t
This resultis optimal in that

a) Isubcritical m s.t. 1Eht(Tun) =0(log n)
b)If M is supercritical then ht(+n,) =0p(f)

c) logn can notbe replaced by fin) logn with finl-0. A



Open questions
· I? a,A20 sit. The following holds.

Fix critical branching
dist.
M

with variance or eco,x)

Then VO, Un, P(ht)+r,) xn") -> A exp(-a(ocY.
I

This bound would agree w/ the tail In our result, have

behaviour of E.H;recall that exp(-c), c =c(Mo,Mi).

ht)Tr)/r,H as n+ (Kolchin (978)

· Fix d=(d,...,dn) with [di =2m? 2(n-1), *neighbours

letGo be a n. random connected graph with degrees d.
Then (?) (diam (Ga)) =0 (n"2)

Implicitconstants should depend on Avertices of degree x2.)
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