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Should gay sex be punishable by prison?

“Gay people should no more be put in prison for having consensual

sex than straight people should.”

– David L Hull, “The social responsibility of professional societies”.
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Neutrality in academia

In 2022, “88 percent of professors at Canadian universities

identified themselves as either ‘somewhat’ or ‘very’ left-leaning

compared to only 12 percent who self-identify as right-leaning”.
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Political and ideological neutrality

“I recommend that [NSERC, SSHRC and CIHR’s] enabling

legislation be amended to enshrine a commitment to political and

ideological neutrality.

To ensure such neutrality, I also recommend that all references to

EDI be removed from agency guidelines and criteria. This includes

the elimination of many of SSHRC’s EDI-focused grants.”

- Dave Snow
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For whom is neutrality an option?
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Trees

A tree is a connected acyclic graph T

A rooted tree has a distinguished ·root vertex
, P.

:The height of rooted tree T is

max (dist(p, v) : v a vertex of T P

height (T) = S
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Offspring distributed according
to a random variable X.

children

~
S reproduce

-S- independently.
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& j &
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& distributed as X.

This gives
a random tree T

How does height (i) behave ?
⑧



Bienayme Trees#

Offspring distributed according This gives
a random tree T

to a random variable X. How does height (i) behave ?

Trichotomy
· EX)

↳ Pht(T) = x))0 (Classical)



Bienayme Trees#

Offspring distributed according This gives
a random tree T

to a random variable X. How does height (i) behave ?

Trichotomy
· EX)

↳ Pht(T) = x))0 (Classical)

· EX = Xx
,

1E)XY) a

4) IP(ht(T) = h) ~ c :Xh Kolmogorov (1938)



Bienayme Trees#

Offspring distributed according This gives
a random tree T

to a random variable X. How does height (i) behave ?

Trichotomy
· EX)

↳ Pht(T) = x))0 (Classical)

· EX = Xx
,

1E)XY) a

↳ IP(h + (T) = h) - c .Xh Kolmogorov (1938)

· EX = 1
,

1E(X) < a

P(ht(T) = h) - va Kolmogorov (1938)

Kesten-Ney-Spitzer (1966)



Distances in random graphs

For a graph G
,

the diameter of G is

diam(G) = max (dist(u,
v) : UV vertices of G in the

same connected component of G)



Distances in random graphs

For a graph G
,

the diameter of G is

diam(G) = max (dist(u,
v) : UV vertices of G in the

same connected component of G)
Erds-Renyi Random Graph

G(nip) ms n vertices labeled El ,
..., n3

Each edge independently present with probability p.



Distances in random graphs

For a graph G
,

the diameter of G is

diam(G) = max (dist(u,
v) : UV vertices of G in the

same connected component of G)
Erds-Renyi Random Graph

G(nip) ms n vertices labeled El ,
..., n3

Each edge independently present with probability p.

The diameter of Glnip) is essentially fully understood.

For a vertex v of G
,

C() = connected component of G

containing v.
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Diameter of G(n
, p)

One notable
range

:
p

= p(n)
= ]

X diam(((1) = 1 in expectation
diam (G(n , p)) = log n

(Luczal 1998)

X 1 diam (G(n , p)) = logn = diam(((1)

(Chung-Lu 2001; Fernholz-Ramachandran 2007;

Riordan-Wormald 2010)

X = 1 diam(2()) 51
,

diam (G(n
, p) = n

CAB-Brontin-Reed 2006 ; Nachmias-Peres 2007)
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Trees with
given child

sequences .

Say rooted tree T has child sequence C = (c
, ..., (n) if

· V(T) = [n] : = 51,
2, . .

., m3

· Vertex i has : children for if[n]
S

Define To = &T: T is a rooted tree

with child sequence on 421

Let Tea To .

root 3

↑ be a uniformly random sample from
c = (0,

1
,

3
,

0
, 0)

Question : How does the random variable

height (T) behave ?
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Heights of trees with
given child

sequences.

I

Let TEu Tc .
Question : How does the random variable

height (T) behave ?
3

2

# c = )0
,

!
. ...,

1) then T is a path , height (T) = n- 1
.

-

n-1 times
4

Nodes with exactly one child "vertically stretch"
S

trees in essentially deterministic ways.

Theorem (A-B
,
Donderwinkel 2022). Fix Eo,

fix a child

sequence c = (p , . . .,
(n) st . a) TcF0 ; b) n= #Sie(n] : C:

=1 < (l-E) n
.

Let TEuTc .

Then Ediam(T) = Os(in) ·
We'll see this bound is tight.
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Graphs with
given degree sequences.

Say graph G has degree sequence d = (d,
...,

dn) if

V(G) = (n) and degg(i) = di for it (n]·

Let Ed = &Graphs G : G has degree
If

sequenced dit--- + dn-1

= 2(n - 1)

then the elements

Let CFEGEGd : G is connected 3.
of Id are the

Let GenGd or let GenEd
-

trees with deg . seg.

(d
.... -

. dn)
Question : How does the random variable

diam (G) behave ?
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Let GenGa or GFuld
.
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Diameters of graphs with
given degree sequences.

Let GenGa or GFuld
.

How does the random variable

If d=2) then

diam (G) behave ?

GEuGd hasdiam(G)] In
. (G looks like the graph

of a random permutation!)

GEnCd has diam(G) = (2) (G is a cycle of length n)

Theorem (A-B
,

Crudele 2025)
.

Fix &Co,
fix a degree sequence

d = (d
, . . . .,

dn) St . a) Sd # 0 ; b) nz : =H Sie(n) : di = 23-(1-2) n
.

Let Gen2d .
Then IEdiam (6) = 0g(M) .

This bound is

also tight
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Minimum degree 3

Theorem (A-B
,
Donderwinkel 2022). Fix Eo,

fix a child

sequence c = (p , . . .,
(n) st . a) TcF0 ; b) n= #Sie(n] : C:

=1 < (l-E) n
.

Let TEuTc .

Then Ediam(T) = Og(in)·

Theorem (A-B
,

Crudele 2025)
.

Fix &Co,
fix a degree sequence

d = (d
, . . . .,

dn) St . a) Sd # 0 ; b) nz : =H Sie(n) : di = 23-(1-2) n
.

Let GEnGd .
Then IEdiam (G) = 0

,
(M)

.

Theorem (A-B
,

Crudele 2015) Fix a degree sequence

d = (d,
, ...,

dn) St . a) Gd#0 ; b) di33 for all i
.

Let GenGd.

Then P(G connected) = 1 -0(t);(diam(G) < 62logn) = 0 (n)
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The length of the first branch

S = (s,. . .

.S2x) has 2 copies of each integer from 1
...,

k
, uniformly at random.

i (1) = index of first repeated entry .

First branch is Si
,
S

, .... Six- ,
WH

,
so disty(root, N + 1) = i() - 1

Then
H(dist(root ,

( + 1) < 1) = P(i(1) < l+ 1)

= IP)s
,

--- , Se are all distinct)

=-
Taylor expansion

of log .

# follows that dist(root
,

N +1) dist
. Rayleigh as 1- &

.
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The height of the (binary) tree

Example S = (1
,

2
,
3

, 1,

5
,5,

4
, 2 , 4 , 3)

6 7 8910

T has branches
2 3 6

8 10

S1
,

Sa
, -... Sicy-is W+

I S A

6

Sick, --- , Sicz -1 ,
k + 2

S 4 g II
4 -

Sict-1)
, -...

Sick-1
,
2

2 9 3

9
and Szr

,
2+ 4 10 S

2
3 12

dist(root
,
( +1) dist

, Rayleigh
I

2

Repetitions become more frequent later in the

sequence my height (T) = dist(root ,
k + 1) = Fo
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Stochastic Comparison * is stochastically smaller than I

-

For random variables X
,
Y

, say X*stY if

#(X3h) < #(4h) for all heR
.

Example Uniform[l, ...
63 Est Uniform [1 ,

...,
203

Bernoulli (E) Est Normal (0
,

1)

Post

IP(Bernoulli (12) < 0) = 0 < /P(Normal (0, 1) < 0)

↑ (Bernoulli (1) < 2) = 1 >/Normal (0,
1) < 2)

Fact X *stY if and only if X
,

X can be generated

on a common probability space such that P(XXY) =

/
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Lower degrees make taller trees.

Define a partial order
,

on child sequences

via its
covering

relation
,

as follows :

Given child sequences
c = (C,

...,
Cn) and c = (! . . . -

,
Crit

say
C covers C'if (possibly after permuting entries

-
a C = C,= Cz

, ...,
Ch- = Ch+

/ n+1

N 11/
b) Cn + Ch+ 1

= Cn + 1 my N

Theorem (A-B
,
Donderwinkel 2022)

If C > C' and TEaTc
,

T'Ent: then

height (T) Est height (T)



Binary trees are the tallest
*

/

Theorem (A-B
,
Donderwinkel 2022)

N

If C > C' and TEaTc
,

T'Ent: then -

height (T) Est height (T) (1,n
+

N

Corollary

Suppose C = (C , . . . .,
(n) has n.

= 0

Let Mo = #Sie[n] : C = 03 # #of leaves

Let TEuTc and let T' be a uniform binary free

with no leaves. Then height (T) Est height (T').



Binary trees are the tallest
*

/

Theorem (A-B
,
Donderwinkel 2022)

N

If C > C' and TEaTc
,

T'Ent: then -

height (T) Est height (T) (1,n
+

N

Corollary

Suppose C = (C , . . . .,
(n) has n.

= 0

Let Mo = #Sie[n] : C = 03 # #of leaves

Let TEuTc and let T' be a uniform binary free

with no leaves. Then height (T) Est height (T').

First theorem then follows without too much effort.



* tool for Theorem 2 : the core-kernel decomposition
G

For a graph G : %
·

To

-



* tool for Theorem 2 : the core-kernel decomposition
G

For a graph G : %

core(f) =

·

To
&



* tool for Theorem 2 : the core-kernel decomposition
G

For a graph G :

core(f) = ·
=> maximum subgraph

core(of minimum degree 2



* tool for Theorem 2 : the core-kernel decomposition
G

For a graph G :

·core(f) = -

=> maximum subgraph core(of minimum degree 2

↓ernel (G) = "replace paths in core (G)

by edges" i



Recovering a graph from its core

·
Data to reconstruct G from Kernel (G)

e

1) A tree with /ECkernel(G)) - I marks along the first

root-to-leaf path .

B) A forest with root set Vlkernel(G)

"d"

↓

ab C 2 f

d

a +b
-

=
-

2 f



Diameter bounds for random graphs

[Goal : GenGd n(d) < (1-E)n then IEdiam (G) = 0
. (M)]

Using the core-kernel decomposition,

diameter

bounds for GEuGd follow from

a) bounds on heights in random trees / forests

(similar to above)

b) bounds on the diameter of Kernel (G)
.

(Kernel (G) has minimum degree 3 so

by our third theorem has logarithmic diameter)



A conjecture

Theorem (A-B
,

Crudele 2015) Fix a degree sequence

d = (d,
, ...,

dn) St . a) Gd#0 ; b) di33 for all i
.

Let GenGd.

Then P(G connected) = 1 -0(t);(diam(G) < 62logn) = 0 (n)

Conjecture (3-regular graphs maximize diameter when 53)

Fix a degree sequence d = (d,
...,

dn) with n even and sit.

a) Sa # 0 ; b) di33 for all i.

Let d'

=)
. Let GeGd and GE

Then diam (G) [st diam (G)
.


