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° lanetree ted ; children of each node have

left - to - right order
.

T 221 Mht
( T ) =3

a 22 31 [ Wid ( T ) = 4
I 2

 30
Height : Greatest distance from } hf ( T )

any node to the root

Width : Greatest # nodes on a

single level
.

} wide )



Random Plane Trees Galton - Watson Trees

° Each node has random # of children
° Nodes reproduce independently
° ModelParameter : Reproduction Law/Off spring distribution

.

Construction

Kittle
pendent copies of apyrgndomvariable C with

,§oPK=k

) =L
.

The sequence (Ci,izl) gives # children of

nodes
,

in

breadth
- first search order Size = # vertices = : O

Exgmplg :( 2,1
, 3,0/0,1 ,

0,2 ,-001,4,
Q . . . ) [ possiblethat tree isinfinite

,

o o if so then 0=4
.

÷
°

Key definition :

Such T is

1
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2 distributed



Maintfts Fix ants r
.

"

Theorem (
"

Most trees are short & fat)C with ¥oMC=H=l -

let T be GWK ) distributed
.

There
is a universal constant or > o st

.

Write p*=p(c=µ )
.

PC htlt )

Z¥p
,

.widlTD<
expfok ) .
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,

and PC httttwid
.

( T )=x|0= 4=1 .

Also
, given that 0< • . the and

.

dist
.

of T is GW ( f )
where P ( E- I ) =p , .

So can assume ECe1
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Easy :IEIIIFIECY"

.

If IEC < 1 then
.

P( htlt ) 7 K) =PATH>o)eE1Tht=[EGK Exp .

tails ;

so

Plhtltpkwid
H )

sexpfkologfetc

)) .

~ { butlogletc )
isn't ftp.

.

𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀌𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀧𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀻𐀼𐀽𐀾𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁎𐁏𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝𐁞𐁟𐁠𐁡𐁢𐁣𐁤𐁥𐁦𐁧𐁨𐁩𐁪𐁫𐁬𐁭𐁮𐁯𐁰𐁱𐁲𐁳𐁴𐁵𐁶𐁷𐁸𐁹𐁺𐁻𐁼𐁽𐁾𐁿3𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀌𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀧𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀻𐀼𐀽𐀾𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁎𐁏𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝𐁞𐁟𐁠𐁡𐁢𐁣𐁤𐁥𐁦𐁧𐁨𐁩𐁪𐁫𐁬𐁭𐁮𐁯𐁰𐁱𐁲𐁳𐁴𐁵𐁶𐁷𐁸𐁹𐁺𐁻𐁼𐁽𐁾𐁿
If EC = ie IEKY < a thenp(widH3x) =OH ) ,p(htH3x)=

-0 (
xt

) ,
so not trivially true

.

[ Actually ,
when EC =L ie IEKY < •

, P ( htlt) step
,

Wida) 3 expl - 8k ) ; thm is tight .]



Random Plane Trees Galton - Watson Trees

° Each node has random # of children
° Nodes reproduce independently
° ModelParameter : Reproduction Law/Off spring distribution

.

Construction
- Halting Condition

• (

Ci
,

izl
) independent copies of a

random variable C with

§op(C=k)=1
.

Trees with N Nodes

have
n - I

edges
.

Rule For N 3 0 n

stepsons
The sequence ( Ci, izl) gives # children of #

nodes
discovered by time n .

nodes
,

inbreadth- first search order=/+ ⇐
,

Ci

E±amplg :( 2.1
, 3,0/0

,

I
,

0,2 ,QO. 1,4
,

0
, . . . )

# vertices explored by time
.

n
O 0

.

= n

2

Size = # vertices

=
:O

° ° 1 °

Key definition :

such T is
= inf{ n : 1 + ⇐

,

Ci=n } .

1
3 GWCC ) -

2 distributed



Setup
{ C = # nodes discovered by time

.

utisiiiticah
ti÷¥BEo¥E⇐§←tx=# nodes in "

BFS queue
" at time i

IEC £1 ⇒ E-
Silt

n ( IEC - 1) ,< 1
.

0=inf{ t : St = Of > first time no nodes left toex€/P_rop : Let WCT )= max ( S ; ,oei< o )
.

Then wide ) C- ( WHK ,
WH ] 0

Proof : Turing BFS on level k
,

" exploration queue
"

c TµuTµ+ ,
;

and = TK at start

of level k
. a

idea :htH=¥I'1 =,¥t"E
.
,t÷ .

Prep :

htH<3Ht
)

.

When vi C- Th. then Six ITKI

5°
Perhaps

Corollary Suffices to prove

HLTK
¥g"÷÷¥=Eos÷=

:

HA
? PCHH.>.t÷wHD< em

[ False ; consider a star with n leaves
.

But
...

] thm
.

follows
.

.

.



wco
)=ma×( S ; ,oei< o )

HH=EEs÷

Aim:p(H(o ) >,±pgwH)<
E.

Decomposition into scales
.

When
.

Six 1"

,
takes about 2

"

steps for HE ) to increase by 1

Hlitztt . Hlil=&a?s÷=Is÷=1 .

D¥- o= initial time I., ,=min{t>tn:St¢[ In ,2↳2) }

Lo=O=logzSo- initialstale Ln+,=sup{ K :I£Stn+ ,
}

IIMNMLM,
>sLnt2

NB :Stnf2↳"so P( Lm ,< Ln )

Ln
- mhhtfunthhprr =MHit2"beforeIiy>£ .2h, SI, \

↳ ,=Li2i"wMd na
JEn



wcotmax( S ; ,osi< o ) HCOHEESTAim :p(No ) 3¥ ,
WHKEOK

Number of visits to a scale

Let Nt ) = current scale at time t = Ln ( with ns.t.int < In )

Let N ( l ) =#{t< o : Ntt =L }

Then H ( o )=Fox,.fr#ptstfENll).2tt "

N ( l ) = N ( l
,

IHN ( l
, 2) + . . - + N ( l

, MHD

NA , it = Duration of i
' th visit to scale l

M ( l ) = # visits to scale l
.

=#{ i : List }

Fast : Geivn that M ( l ) to,
M ( l ) dominated by

sum of 2 Geom (E) r.us ; ⇒ p ( ml ) > k / MA) > 0) { IH ?

Proof : visits to scale l entail up crossings of [ 2h52 ) or of [ 2h52 'tY
,

Both are hard since walk has non . positive drift
. a



wco)=ma×( S ; ,osi< o ) HCOHEESTAim :p(H(o ) 3,±pgwH)< to "

HC o ) _< f. NU ) -2
't "

N ( l ) = time spent at scale l

= f. =⇐
, "N(hijz

't "

Nail
= Duration of i ' th visit to scale e

Thy ( Levy ; Doeblin ; Kolmogorov ; Rogozin ; Le Cam : Esseien : Kesten ) :

With P=max Pi ,
have

max,×p(Sn=k)fn¥p ,
C >o universal

.

"

Any random walk spreads out over 3 Tn values by time n
"

.

Here A =2l
.

Corollary :p ( NA ;)
>6¥pf?m

. 4l)<zm

Recall that NA )=¥nVN( li ) and that PCMH ) zkkztk

It then follows that p( Nketh> and ){ 2
m



wcotmaxls; ,osi< o ) HCOEEESTAim :p(Haze ,
WHHE .

HC o ) .< E. NU ) -2
't "

p( NY,
>

,
am.ze){ zm

Wrapping up
Note that if N ( l ) >0 then W ( o ) > 2h '

So with l*= max { l : Nll ) >o }
,

p( Hco ) > C
"

m . wco ) )

e MBEKI,
> am.ze* )

$ eEioP(NI
,

> c. mutter) [ E"ozette '%ae*¥
,
]

< Edem.2*→ "
< I mo.

Behind the curtain : Use Markov property and non . positive drift to " fix
" bogus f above

.



3emar÷
Claimed theorem with dependence only on

p , proved it with dependence on p= max pi .

Fix : non - trivial ; requires modifying
"

dispersion
" bound for our setting .

( idea : If subcritical then pmax =P .
or p. ; if p .

Close to 1 then

either very subcritical or make large jumps .)
° Stronger results if add info

.
about tails of

degrees . Ed : If PKZK ) = -0 ( E
' )

,
xe ( 1,2 )

,

then PCHCO ) > Cm . w( of ' ){ zom

° Conjecture : All this works even conditional on size

of tree : P( H ( o ) > C . m - W ( o ) loan ) { zone
° Conjecture : Binary trees are the tallest { slimmest

.

Let Gwn ( C )

=[Gw(
c) 10=4

,
htn ( C ) =ht( Gwnk ) )

,
widnk ) =wid( Gwnk )

Assuming p ,
'

, to stochastically maximize htnk ) Take

to minimize widnk ) Po=Pz= £ .
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