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Trees

Ahf
CT) =3

⇒
1 widlt )=4

Roots →

Height : Greatest distance from } ht ( T )
any

node to the root

width : Greatest # nodes on a

} wid ( T )
single level

.
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Maintfts Fix any rv .

C with ¥oMC=H=l , writep*= p ( C - µ )
.

Let
T be GWK ) distributed .

?
.

# children ;

/
s distributed as C

,

independently at each node .



Maintfts Fix any rv .

C with ¥oMC=H=l ,

write
p*= p ( C - µ )

.

Let
T be GWK ) distributed .

Theorems (
"

Most trees are short ie fat
'

)

There
is a universal constant 8>0 st

.

PC htlt ) >ftp.widlt)) eexpt . ok )
.

Remark : If IEC > 1 then

PCO
=x ) > o

.
and

PC httttwid
.

( T )=x|0= 4=1 .

Also
, given that o< • . the and

.

dist
.

of T is GW ( f ) where P ( E- 1 ) =p , ,

E( E)< /
so

can assume ECf1
.

Heuristic : GW trees satisfy wid ( T ) . ht ( T ) I vol ( T ) :-O

Implies " ht > dwid"

I "ht2>C?vol " so P(htH) > E- ✓okt ) E exp ( - or le )

Theory : PCHCT ) 3,15 voktt " ) :expfdk' )



Galton - Watson Trees

° Each node has random # of children

° Nodes reproduce independently

Construction
- Halting Condition

• (

Ci
,

izl
) independent copies of a

random variable C with

§op(C=k)=1
.

Trees with N Nodes

have
n - 1

edges
.

Rule For N 3 0 n

stepsons
The

sequence (

Ci, izl
) gives # children of #nodesdiscovered by time n .

nodes
,
in

breadth
- first search order=/ + ⇐

,

Ci

E±amplg :( 2,1
,
3

, QO
,

I
,
0,2 ,QO. 1,4

,

0
, . . . )

# vertices explored by time
.

n
O 0

.

= n

2That# vertices

=
O

0 0 1 0

= inf{ n : l+⇐,Ci=n } .

|
3

2



Setup
{ C = # nodes discovered by time

.

utisiiiticah
ti÷¥BEo¥E⇐§←tx=# nodes in

"

BFS queue
"

at time i

IEC £1 ⇒ E-
Silt

n ( IEC - 1) ,< 1 .

0=inf{ t : St = Of > first time no nodes left toex€ /
P_rop : Let WCT )= max ( S ; ,oei< o )

.

Then wide ) C- ( WHK ,
WH ] 0

Proof : Turing BFS on level k
,

" exploration queue
"

c TµuTµ+ ,
;

and = TK at start

of level k
. a

idea :htH=¥I'1 =,¥t"E
.
,t÷ .

Prep :

htH<3Ht
)

.

When vi C- Th. then Six ITKI

5°
Perhaps

Corollary Suffices to prove

HLTK
¥g"÷÷¥=Eos÷=

:

HA
? PCHH.>.t÷wHD< em

[ False ; consider a star with n leaves
.

But
...

] thm
.

follows
.

.

.



wco
)=ma×( S ; ,oei< o )

Hottest
Aim :p(H(o ) > ⇒,

WHKE
.

keyTool : Decomposition into scales
.

when S ;×£(" scale l "

) for

je
{ i. .

. .

,
it

Zl
}

,

have
lHlitd) - Hli )-iE+s÷=2¥=1.

So bound (a) time to change scales ,

(b) "#visits to
scales

" =H( l ) .lu )



wco)=ma×( S ; ,oei< o )

HH=EEs÷

Aim :p(H(o ) >,±pgwH)< E.

Decomposition into scales
.

D¥- o= initial time I+,=min{tztn :Stettin
,
24+2) }

Lo=O=logzSo=initialstale Ln "=sup{ K : 2K£ Stn ,
}£I=I

"
MV

↳ 's 'lnt2;,

searthnthth
↳ ,=Li2i"wNdnoJnan

o

:
B :Stn< £ " "soP(Lm ,<Ln)=p( Hit 2h

"
before

242
) > tz .



wcotmaxls
; ,oei< o )

HHEEEST
Aim :p(H(o ) >

,±pgWH)<
to "

keyTool : Decomposition into scales
.

When S

;×£
(" scale l "

) for

je
{ i. .

. .

,

itd
}

,

have
lHlitd) - Hli )

-i&+s÷=t¥=1
.

So bound (a) time to change scales ,

(b)

"#
visits toscales" =H( l ) .lu )

(a) Thm_ ( Levy ; Doeblin ; Kolmogorov ; Rogozin ; Le Cam : Esseien : Kesten ) :

With P=max Pi ,
have

max,×p(Sn=k)fn¥p, C >o universal
.

"

Any random walk spreads out over 3 Tn values by time n
"

.

Here A =D
.

Thus if ↳=l then we expect Tm ,
-4 .

£ 4
'

so

Hlth , ) - Hlth . ) = FEW
,¥54 '

. Ee

=zl=2↳
.

More precisely ,
obtain p (Htm

,

- HasEpl / ↳ =L ) E e
' M



wcotmax
(S ; ,oei< o )

HH=EEs÷
Aim :p( H ( o ) 3¥ ,

WHKE
.

keytool : Decomposition into scales
.

when S ;
a £(" scale l "

) for

ja
{ i. .

. .

,
it

21
}

,

have
l

lHlitd) - Hli ) =&i+s÷=22et=1 .

So bound (a) time to change scales ,

(b)
"

# visits toscales" =H( l ) , l >
. l )

( b ) M ( l ) = # visits to scale l
.

=#{ i : Litt }

NA ,
it = Duration of i

' th visit to scale l

N ( l ) = N ( l
,
nt . . . + N ( l

, MAD = Total duration at scale l
.

Fast : Geivn that M ( l )

to,
M ( l ) dominated by

sum of 2 Geom (E) r.us ; ⇒ p ( m ( l ) > k / MA ) > 0) { IH ?

Proof : visits to scale
. l entail up crossings of [ 2h52 ) or of [ 2h52 'tY

,

Both are hard since walk has non . positive drift
. a



wcotmaxls
; ,osi< o )

HH=EEs÷
Aim :p(H(o ) > ⇒,

WHHE
.

keyTool : Decomposition into scales
.

when S

;×£
(" scale l

"

) for

je
{ i. .

. .

,
it

2h
}

,

have
lHlitd) - Hli )

-i&+s÷=2¥=1
.

So bound (a) time to change scales ,

(b)

"#
visits toscales" =H( l ) .lu )HT" ,

- Ii ( 24¥ so pl Ha
, "

. Ht
, ?

ftp.dl
↳=l ) { ein

( b ) Mll )= # visits to scale l
. p(m( l ) > k / MA ) >0 ) { I

H2

(a) + C b) => Total contribution of level l to height Is

0 if M ( l ) -0
. so

Hcoygzmaxcl
:Mll ) to )

{
Off

) with exp .

tails if ml ) >o
.

{ 4 .

WH



the mark 's

= Stronger results if add info
.

about tails of

degrees .

Ed : IfPKZK ) = -0 ( E
' )

,
xe ( 1.2 )

,

thenPCHLTI>Am.widH← ' ){ zom
• If Var ( C )=x then PC htm> A.m. WIDHDE e-

Milk
; f(m)#•

eg . if
p .

>o
, pro then

PC htlt ) > m - wide ) ) } pholzdid.
. .Iglo )

= pin pom
't

> @
-
Cim

.

But this is the only problem .

Thy : If Var (C) = a then for
any { ( m ) →o there is fan → a

such that

PCHHT ) > m . wide )
,

htctkecmrvokt )) ,< expfmfcm ))



the mark 's

= Stronger results if add info
.

about tails of

degrees .

Ed :

If
PKZK ) = -0 ( E

' )
,

xe ( 1,2 )
,

then PC HH >

Am.widH←
') { zom

° Conjecture : All this works even conditional on size

of tree : P ( Hlt ) > Am.widH1o=n)<zone° Conjecture : Binary trees are the tallest
.

Consider random trees Tri with a fixeddegreeseg T= ( n ;
,

is 1)

Here ni = # nodes of deg i. with Eni in , then Ein ; =2(n - I)
.To

stochastically maximize ht( Tri ) among sequences with nek
, ni 0

,

choose the seq .

(
Kiosk

-1,0 , . .
. )

I can prove binary
trees stochastically maximize the depth

of a random node
,
but not Cyet) for the deepest node .



⇒ :*±*tIhank
you
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. Claimed theorem with dependence only on

p , proved it with dependence on p= max pi .

Fix : requires more careful "

dispersion
" bound for our setting .

( idea : If subcritical then pmax
- Poor p , ; if p .

close to 1 then

either very subcritical or make large jumps .)


