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Schramm Lecture- Past speakers



Iam the first speaker in this series who

never met Oded Schramm.

I

know him onlythrough his work and

through the words of those who knew and
loved him.

Many people have written and spoken of his

his gentleness, his curiosity and his kindness.

Taking inspiration from that(and from his math):



This talk:

I aim to tell you aboutsome results I like,
and that Ihope Oded Schramm would have liked,

by researchers who Ithinkwould be great can
didates for future Schramm Lectures.

Consider this talksa nomination!)

I didn'tchoose these results for their "importance"

(whatever that means) butbecause a) I find them

beautiful and by I feel competent to explain their
statements (though not all aspects of their proofs).



https://arxiv.org/abs/1508.04402

1. Cramer's theorem is atypical
Nina Gantert Kavita Ramanan



Cramér’s Theorem is atypical
x tax

Assume (X;, i, 1) FID, st. (EX,
=

0, 1(1):=logE et& for Itt..
-

LetM*(x): =SEP (tx- Mt)) be the Legendre transform. j(3)

X(r= =(X, . . . ., Xn) GR"
Write

jans:= II,...,1)ES "Diagonal"Unit vector
I*

So Wn* (X,+-.-+Xn)
=[X' I" suff. small

X
Cramer's Theorem (1937) P(Wnx) =exp(- (1+0) n1*(x)),0cxcx

"Story".To have Wise, the rivs X,....,a mustbehave lifethey have mean

Cheapestwayto do this: exponential tilting of 2x, to 2 with mean.

cost of tilting:relative entropy D(2/2x)
=().



Cramér’s Theorem is atypical
(n)

G:Whathappens if we replace j' =ntll.....1) by Oen.S?

Now studying deviations of Wn(0):= XO'Y.
A:Most 8" are far less balanced than
I'm. Some coordinates play a bigger role
Manothers
- CramersthemmongerHowever, an LDP still exists!

LetMH) =
=E(1(tN)] where N-NC0.1).

4*(x):=sup (tx -4(t))
IsIR

(If M(V) is sym, cone, non-linear then 1(t) =NH) <x iff t =0.7

Theorem (Ganter, Kim, Ramanan 2016) LetG=(0,ne /N). Then under suitable

momentconditions, almost surely (Wn(8"),x(0) =exp(-(1 +0(1)n4*(x)



2. Random maps under the Cardy embedding
Nina Holden



Brownian Map

Image by
Benedikt
Stufler

Scaling limitofmany random mapensembles (LeGall,Miermont, ...)



Brownian Dist.

Image by
-

J. Bettinelli

Analogous limitfor random maps with a boundary
Bettinelli, Miermont, ...)



Example of a convergenceresult.Boltzmann triangulations
LetMn= Sloopless triangulat" with boundarylength ("3

Int

W

D=Liorville quantum
gravitydisto (obtained fromarecrimeintheW

e
Uh
dz h=GFF ondisk,

u =(55):

Measured metric space structure

on V(Mn)
meas. ofD is called

(Gwynner
Miller ↑ onV(Mn)( & P ↓ BDI
2018)

(V(Mn), n drs
-"Ins run)BD,

with perimeter 1.
Theorem R

↳f
(NB MnCV(Mn)) =1Mul is random)



Missing:Robustconvergence theory for random maps
seen as embedded objects.

-> - ru v



Embedding rules.Circle Packing



Embedding rules:Electrical networkembedding



Embedding rules.Spring embedding

Image by
Jason Miller



Principal Challenge.

Prove Convergence
for embedded maps
AREAMEASURE:

-1.)Counting measure
on in inner vertices)
BOUNDARY MEASURE:

Uniform prob. measure on

nboundary vertices.
DISTANCE:

n4. Graph distance
Unit Dist

extend continuously to all ofD'
Candidate limit: 5-Liouville Quantum Gravity Distr (D from above)



The Cardy embedding of uniformly random triangulations

b
0

⑧ 0

....
.

y=
↓
-· ↑Y·.. -

W
⑩ a~↓
↑ &

W ! I Huit Dist
b +exp(2xi/3) ⑪

0

· a-exp(2xi)

⑧

c-exp(4π:/3)



Cardy Embedding
· a, b, c chosen unit, atrandom from boundary edges (labeled in

CW order)
· Interior vertices coloured uniformly at random (red/blue)

Eal:=[] blue path separating air from bic. Pa() =P(Ea(V)
Eg(v) =

=5]---bir from a ic3P6N =D(Eb(ul)

E,Y:=3]... from asb3 Pc(=P(Ec(r))

Embed v atposition
I[CV = =

Pa(v+py() +P.s):
(PaCV), PbCV), Pc5)) G A

(Holden,Sun 2023) e. *, dn*-Pushforwards ofMn,En,dn toD' by C.

Theorem (n-d*,n**, nm)
dist
j

First onlyrandom map scaling limit for a
-> natural/conformal embedding rule.



3. When latentgeometry disappears
Tselil Schramm



Erds-Reny:Random Graph Geod(n,p)
G(n,p) - Sample V,.....,Un

war from Is

- Edges indep. present

- Vertex set [n] gdt!

*with prob. p.

- Vertex set(n)
- Edge ispresent if (vicuj) <[
i =[(p) sX.P([vi,;)<t) =p.

Edges correlated:P(V,V) <i)(vi,vi)( t,(Y,Vw)(i) - p



Question

For which values n, pid are Gn,p) and Geod (n,p)
statistically indistinguishable?
(div(G(n,p), Geod(n,p)) ->0)

"When does the latent geometry disappear?"
Devroye, Gyorgy, Lugosi, Udina (2011):

dx exp(n) =indistinguishable



Bubeck-Ding-Eldan -Racz (2016)
n
+
-thendirto

p
=0(1) =distinguishability threshold at din=0 thenkey statistic:"signed triangle count. div- 1
i(6) =9(Guv-p)(Gur-p)(Gw-P) 2 Gy=DicycE(C)2,V,w

p
=0(Yn):if d/login=0 then div->1

- ⑦(n)-

- ↑ Indistinguishable
signed & count up

-
log is

Conj (BDER):p
=0 (Yn): If d/login ->x then dirto



Brennan-Brester-Nagaraj (2020):

acpst: If dx min/pri pint login then dirto

⑦(n)-

- ↑ Indistinguishablesigned & count up

↳
⑦(1) -1 1 is3dlog

Conj (BDER):p
=0 (Yn): If d/login ->x then dirto



Theorem (Lin-mohanty-Schramm-Yang):
⑪ p

=0 (Yn):If d/logsn ->x then dirto
② Vac0]co:if <p>d/(pin) login then dirto

③I np cc) then

dx(nH(p)" =div-> 1. (Statistic:signed triangle count)
⑦(n) -

up

signed & count
↑ Indistinguishabledistinguishes:

-⑦(1)

·Yog islog 364

Conj (Lin-mohanty-Schramm-Yang):True threshold at d: (nH(p))3
H(x) =(-xlogx -(1-((og(1-)



4.Locality for critical percolation on expanders.
Nite Sun



Local Convergence

Rooted graph:Triple (V, E, p) s.f. (V,E) is a locallyfinite graph.
verticesedges

root ev

Say a sequence (Gn,'2n=a) of rooted graphs
converges (Gn-> Gal if (Un, En,Pn)

Krei most. Bon(Prir)=Bapait) for n no.

Croot-preservingisom.



P PExamples. % Y↓ d n
+X

I
-> ↑XRR

I I I -"...M !level n
X X X X

I

· -...- 0
-0-0-0.--

iInk -2 -1p =012 i
mu--Whylevel In

inni pso in F3 I
S

.IIIin



"The success of a limittheory
depends on how many interesting
parameters are continuous
with respect to the convergence
notion."

-Balazs Szegedy
arXiv 1502.07861



Def. G =CV,E) is transitive ifUp,p'eV, (V,E,p) =(V,E,p)

For transitive graph sequences, the limit(if itexists) does notdepend
on the choice of root.

For a graph G, letGp be Bernoullip) bond percolation on G:

keepeach edge independentlywith probabilityp.

Define p. (G)
=inf(p = (0,1): P(Gp contains ana comp)<0)

Conjecture (Schramm).
If (Gn,12nxx) are infinite transitive graphs s.t.

a) Gn ->Ga and b) supnPc(Gr) <1,
then pc(Gr) -> p, (Ga)



Q:Whatis an analogue of this conjecture for finite graphs?
'limitstill infinite)Transitive Uniformly random root.

(The symmetry ofa "uniform random choice"can sometimes be

adequate to replace the symmetry of transitivity)

Say a sequence (Gn,n=a) of random rooted graphs converges

in distribution ifIa coupling (Gn,n=a) of (Gn,n-a)
St. (Gn +Gx) =1
=Xr>0,V fixed rooted graphs G, P(Ban(Pn,r)=G)-4(B6)Pa,r)=G)

Example Tn = S .... "Canopy tree"

binary, levels,
arandomly

rooted
-

~Y ~Y
~

! P
-

PatGeom((z)7 ⑧

⑧ ⑧ distance along spine



Expansion

For G=(V,E,) finite, leth(G)=min[lEgAAY. AV, IAS)
finite graphs

Say (Gn, nc,1) is an expander sequence ifinf(h(Gn), nc, 1)0

Theorem (Ren+ Sun, 2022) Perc. threshold is its for expanders w/
bounded average degree: if(Gn,ns,1) is a unif. rooted expander seq
such that G.** Ga=(V, E,p) with 1E[deg(p)) <a,

· Improves past
then Pc(Gn,n,1) ->pc(Gal, in that: results of

Benjamini,Nachmias,
a) pc(Ga) a.s. constant peres; Sartar

b) If p<p, then 12max (Grpl//n* 0

Up>pc 5C20 st.llZwax (Grp)/> an)-1.
·Resultcan fail who.
expansion assumption


