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Combinatorial tree ①
☐ Rooted labeled tree f- lvctl

,
ect))

vlt) = In] = { 1,2, -→ n} ; write n=/tl .

• For v c- vct) write cat = Ctu) = # children of v int,

let
q = (qtv) , v c- v41)

= (cell ), - - -, 9- In)) .

For c - Kal , - - , , Clm) non- negative integers, write

To = { combinatorial trees t : HI -_n, 9- =c } .

(
1-1,1=0 unless E can)=n-1 . call such a seq .

uc- In] 1-
a child sequence .



②

e.g.
c = ( cat, cczl, c (3), call, CCS), CC 6) ) q={0%0= ( 2 , o, o , 3 , o , o )

,§
4 labeling 6 labeling

Random combinatorial tree : A random tree T

uniformly distributed over To for some c.

theorem for all e>o there
are coasts a.A >0 sit. the following holds .

Let T be a random combinatorial tree with ITknew
and with at least en leaves . Then for all x > 1

,

PC 11-1 > xrn) c- A exp C- ax2) . (In fact a--ooo))



path vertex : A vertex with exactly one child ③
Def For 131

,
P >-0 , write Be,p for the set of sub -binary

combinatorial trees with l leaves and p path vertices

(so l - l vertices with exactly 2 children)
0
,Bai

0¥ %¥o %→ ¥
6 ! labeling ¥ labeling ¥ labeling

Theorem : Let T be a random combinatorial tree with l

leaves
, p path vertices . Let Bea Be,p .

Then height (7) 1st height (B)
.



More strongly : take a child sequence ④

C = ( Ccl) , Cly , - - -

,

Cln) )

fix entries i. j
-

with '

di) > ccj ) >o

and let

c = (CG)
,
- -
-

-

,
ceil
,
- - -

, ccj), -
- - -

,
an) )

f- i 1+1
c
'
= ( ca), - - -

,

Cli ) -1
,
- - →cljl -11, . . . . Ccn))

Theorem If Tent and T '

EnTe

then height ( T ) fs, height (T
'

)
" Large degrees
make short trees

"



Proof technique : coding trees by sequences ⑤
(A -B

,
Donderwinlrel, Maazoun , Martin) jÉ④☒④Given tree t with vertices vct)= In]

,
root p, ⑧list leaves in f order as li , - → Anti .

Let to = one- vertex tree p .

For leier -11 let pi=(pin , - → Pichi ))
I p ,

= 1,2, 3 , 7-"

diC- tin
Pz = 2,8be the branch from ti

- ,
to li

,

and let
P 3

= 3,4
,
5,10

ti-ti.ir.

*, . . .

Py
= 1

,
6,9

Then t is coded by the sequence

v41 = (Pichi - - - , Pichi-D, Pauli - - -

, Pzlhz-4 , - - - , Pratt , -→ Prulhr -11-4 )



⑥Proof heuristic

Geometric decomposition of coding sequence
v=µ - - - Vmi )

- .

4 xrn

Write tlv ; b) for tree built by first b elements of coding sequence

If height/ ten) 3 zxrn then either htctcv ; xrn)) is a path

or htctcv ; 4 ixrn )) - htltcv ;4i
-' urn)) z xrn_

zi

Birthday paradox if v Eu In]
" then plus,, -4 {vi. -→ he} ) =/1- £1b = e-

""

If he = 4
"
rn then Plum , , - → b.+e distinct, d- { vi.

- - -

Vw}) s ( 1- f) tr = e-
heh

so expect a repetition when I 5¥, .



The method gives other results for conditioned Bienaime
⑦

trees ( which are "

averages
" of random combinatorial trees) :

Let B be an offspring dist, Tn be Bienaymé (B)
conditioned to have n vertices .

Theorem • If IE Bel
,

IECBZ )=- then
h

P→o

• If IEB < 1
, IE letB)→ b-to then h¥nP→ o

o f e>o F a.A > o st . if PCBs 1) £1 - E
then for all x> 1

, p(h¥Tn > x) e A e-
a"



Proof technique (stochastic inequality ) ⑧

Let To be subtree of T obtained by removing edges from ①①
to children (excluding children which are ancestors of ① )
with ④⑤ relabeled as ①④ unit at random

, containing the root .
Let Ti , - . . . Tm be the other subtrees created by removing

①
these edges .

①

④ ¥00 ⑦ ④
,
④ ① ⑦ ④

→ T
, . . .Ty ?⃝

To

③ ①

¥



⑤
⑧

←
I - - T,

⑨

⑧

④ B ④

¥ ,
① ⑤

①0 →

④

¥9 To

NI ⑤ If ATB or BKA then m= cciltccj)-1

In this case PCAnB=i-①)=¥¥g,
⑤ Otherwise m= cci) + ccj ) . → In this case PCA=il 1=1-2 .



④
From To and Ti

, - - - ,
Tm )

To reconstruct T from To
, -
.
-

,
Tm ( in distribution)

- Randomly relabel A ,B as ①
,① with the correct prob .

- If ④ t① then attach a random size - (ccitt) subset

of Ti
, -

- Tm to
remaining trees to ?⃝

- If ⑤ £① then attach a random size - (Ccj)- 1) subset

of Ti
. -

- Tm to
remaining trees to ?⃝

- Otherwise attach a random size - ccij subset

of Ti
, -

- Tm to ④ remaining trees to ?⃝ .



④
From To and Ti

, - - - ,
Tm )

To reconstruct T
' from To

, -
.
-

,
Tm ( in distribution)

- Randomly relabel A ,B as ①
,① with the correct probab .

- If ④ t① then attach a random size - (ccitt) subset

of Ti
, -

- Tm to ?⃝ remaining trees to ?⃝
- If ⑤ £① then attach a random size - (Ccj)- 1) subset

of Ti
. -

- Tm to
remaining trees to ?⃝

- Otherwise attach a random size - ccij subset

of Ti
, -

- Tm to ?⃝ remaining trees to ?⃝ .


