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ehnition
| et (X,0l) be o metric spoce.
 Let Sbe a finite set of points in X,
For xS the Voronoi cell of = is

\/or (x) = \/or‘(’(, S)
={ye X d(y.x)=d(y,9)5
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| | et (X,0l) be o metric spoce.
et S be a finite sel of points |
For x€S the Voronoi cell of < s

VOr (x) = \/or‘(’(, S)
={ye X d(y.x)=d(y,9)5
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et S be a fiaite set of points in X, \/” 4 ‘/_/: YoNa
For x&3 the Voronoi cell of = is K \/\ 2
Vor = Vor(,S) < N
={ye X d(y,x) =o\(‘j,8)} By /.
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' et (X,ol) be o metric epace.

et S be a finite set of points in X,
For xc S the Voronoi cell of = is

\/or (x) = \/or‘(’(, S)
={ye X d(u,x) =d(Y,5)3
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- Defintion
| et (X,cﬂ be o metric space.
__e'l' S be a Fini‘le se} O'F Poif\'}s [ X

For xS the Voronoi cell of < is

VOr (x) = \/or‘(’(, S)
={ye X d(y,x) =d(4,5)3
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: QLuestion.
hat is the rondom Parjri+ion of mass induced |og o rondom
Voronoi PO\P“'iJrion?
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- Quuestion.
Whot is the rondom Parjri+ion of mass induced bg o rondom

Vorono i PO\P"'iJrion?

We study this question in random }rees ond rondom grophs on
surfaces.




- Question.
Whot is the rondom Parjri+(on of mass induced bg o rondom

Vorono i PO\P'|'iJrion?

We study this question in random }rees ond rondom grophs on
surfaces. Y

A

Warm-up: Foin’rs X.,...,Y,\ on circle S!

Lis'|' in cyclic order as Y.,Yz_,...,Yn.




:: QLuestion.
- What is the random Parjri+(on of mass induced |og o rondom

Vorono i PO\P'|'iJrion?

We study this question in random }rees ond rondom grophs on
surfaces. Y

A

Warm-up: Foin’rs X',...,Y,\ on circle S!
Lis'|' in cyclic order as Y.,Yz_,...,Yn.

In'l'ervais : ::k = I[Yk. Yk-il (mod u)]

unh(‘orm PW"";"'SQA o"? -S‘ il\"'o n pie€ces, e,

(T,,T I )~ Dir (1,1, e 1)

=\l = 2,--,
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QLuestion.
Wkal is the rondom Parjri+(on of mass induced |og o rondom

Vorono i PO\P'|'iJrion?

We study this question in random }rees ond rondom grophs on
surfaces. Y

A

Warm-up: Foin’rs X“...,Y,\ on circle S!
Lis'|' in cyclic order as Y.,Yz_,...,Yn.

Intecvals. ::" ) I[Y"o Ykﬂ (mod u)]
unh(‘orm PW"";"'SQA o"? -S‘ il\"'o n pie€ces, e,

- T T—ﬂ) ~ le' ('Jl) -==) |)

— ‘“'Z:---,

V)L I, + 5 Lo, [V(x)=measice of Vor(x)]
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QLuestion.
Wkal is the rondom Parjri+(on of mass induced |og o rondom

Vorono i PO\P'|'iJrion?

We study this question in random }rees ond rondom grophs on
surfoces. Y, T,

A

Warm-up: Foin’rs X“...,Y,\ on circle S!
Lis'|' in cyclic order as Y.,Yz_,...,Yn.

I"-'l'e"v“lg ¥ ::"z I[Y"o Yk-il (mod u)]
|
uniform par-h'kon of S indo n pieces, e,

- T T—ﬂ) ~ le' ('Jl) -==) |)

— ‘“'Z:---,

V(Y:) = ‘l' L.+ 'L' Linr - [V(x) = measvre ot V°’(’°)] .
) (2 3)) Le, V(Y)"’ -Betal(2, l)— ry ma-X(u Uz)
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QLuestion.
Wkal is the rondom Parjri+(on of mass induced bg o rondom

Vorono i PO\P'|'iJrion?

We study this question in random }rees ond rondom grophs on
surfaces. Y

A

Warm-up: Foin’rs X‘,...,Y,\ on circle S!
Lis'|' in cyclic order as Y.,Yz_,...,Yn.

Intecvals. ::" ) I[Y"o Ykﬂ (mod u)]
unh(‘orm PW"";"'SQA o"? S' il\"'o n pie€ces, e,
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Theorem: Let S be any compoct surface without boundary.
Let M be a unicellular continuum rondom map on S.
Let {1,2,..., Kk} be iid somples from the mass measure of M.
Then (V... V(K) ~ Die (11..,1), ie, this rondom vector

'S Mﬂ;rOPMl.j J|S'I'|~|Lu"‘ed on 'H\e S;MPIQX {("t.----,xk)zog in:"}.
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Theorem: Let S be any compact surface without boundary.

Le+ M be a unicellular continuum rondom mop on S.

Let {1,2,..., Kk} be iid somples from the mass measure of M.
Then (V('),...,V(k))NDiP(‘: )} e, this rondom vector
'S Um}forml'j distribuled on the simplex {(x,,,,,,,xk))(): inz‘}-

To explain whal this means, T need to tell Yyou wha} a unicellular

continuum rondem mop is.
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Theorem: Let S be any compoct surface without boundary.
Let M be a unicellular continuum rondom map on S.
Let {1,2,..., Kk} be iid somples from the mass measure of M.
Then (V... V(K) ~ Die (11..,1), ie, this rondom vector
s Uniformly distributed on the simplex { (%1 )20 Z22 1,

To explain whal this means, T need to tell Yyou wha} a unicellular

continuum rondem mop is.

In fact T ol (fauil '|'o) define more aenem.l continuum ranclom maps.
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Theorem: Let S be any compoct surface without boundary.
Let M be a unicellular continuum rondom map on S.
Let {1,2,..., Kk} be iid somples from the mass measure of M.
Then (V... V(K) ~ Die (11..,1), ie, this rondom vector
s Uniformly distributed on the simplex { (%1 )20 Z22 1,

To explain whal this means, T need to tell Yyou wha} a unicellular

continuum rondem mop is.

In fact T ol (fauil '|'o) define more aenem.l continuum ranclom maps.

A N0+ ‘H'\e Same 'H\b\g as ‘H«. Browm'ar\ map A

CRM(S, f ) is the smling i;mi‘ of |ou~32 f-mco\ceol rondom mapS onN S
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Unicellular C ontinuum Rondom Maps

quic example: S = SP“lere (or P|Qﬂe)

In this case 'H»\e. um'cel\ulw‘

con'l-inuum rond om mop (CRM) on S

1S jus+ 'H\e Bl‘ownfaﬂ COh-'-inuum ranolom

tree (CRT) o Aldous.
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Unicellular C ontinuum Rondom Maps

quic example: S = SP“lere (or PlQﬂe)

In this case 'H»\e. um'cel\ulw‘

con'l-inuum rond om mop (CRM) on S

1S jus+ 'H\e Bl‘ownfaﬂ Corv'-inuum ranolom

tree (CRT) o Aldous.

We next give e so-called s-‘-ick-breakins
construction of this object, as i highlights

mony usefy| properties.
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St ick«breakins constructions

Take an inhomogenesus Poisson process on [0,99) with rate Alf)=1.

A'l'OMS Pl, Pz, cee

%

?. PZ.P! Pq pSP‘
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St ick«breakins conslructions

Take an inhomogenesus Poissen process on [0,99) with rate A=t

A'l‘OMS Pl, P;, .ee

?. PZ.PB pq pSP‘

Cut af Hhese points to cbtain line seaments [o, R), [P, V), ....



St ickvbreakins conslructions

Take an inhomogenesus Poissen process on [0,99) with rate A=t

A'l‘OMS Pl, p;, .ee

?. PZ.PS Pq pSP‘

Cut af Hhese points to cbtain line seaments [o, R), [P, V), ....

Start from [0, P ) and proceed os follows.

\ T AW ; A"."
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St ickvbreakins conslructions

Take an inhomogenesus Poissen process on [0,99) with rate A=t

A'l‘OMS Pl, pg, .ee

?. Pl P! Pq ps P‘
Cut af Hhese points to cbtain line seaments [o, R), [P, V), ....

Start from [0, P ) and proceed os follows.

For (> 2, attoch [P;.. 1, P,) ot o w\ifomlg rondom location on
the exisﬁns tree. ond adol o |ewr with labe| ! ot the
end of the erncl\.









e A, AR

tick-breakins constructhons

0

NG qunclr\es l‘\twe‘. 'I'WO sides,

23 PSP6°=°
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i AP, A

Stick-breaki ng constructhons

0

NG qunclr\es l‘\twe‘. 'I'WO sides,

23 PSP6°=°

N L UM~ . & § N s ALrs, . P . . o (v i, o » A .
BN N2 e e MW w 2 RN P S Y Pt raE e LA, R g




i AP, A

Stick-breaki ng constructhons
S

0

NG qunclr\es l‘\twe‘. 'I'WO sides,

23 PSP6°=°

N L UM~ . & § N s ALrs, . P . . o (v i, o » A .
BN N2 e e MW w 2 RN P S Y Pt raE e LA, R g




Stick-breaki ng constructhons

N

\

0

NG qunclr\es l‘\twe‘. 'I'WO sides,

23 PSP6°=°
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Stick-breaking constructions

+ Start from [0, P, ) and proceed os follows.

» For (> 2, attach [P;_i, P;) ot . rendon location on Tier to ,’
form o, add o leaf with label | of the end of the branch.



Stick-breaking constructions

+ Start from [0, P, ) and proceed os follows.

* For¢ > 2, attach [P.. .,P,-) ot o rondom location MT.. o _
form T7, add o leaf with label ; of the end of the beanch.

» Take the closure of the imit: T = lim T = UT




Stick-breaking constructions

+ Start from [0, P, ) and proceed os follows.

* Fori > 2, ottach [Py, P;) ot o rondom location on Tiet Yo |
form ’TE) add o leaf with label | of the end of the branch.

« Take the closure of the limt: T =lim i = UT,

e« The rgsuH- s (o~ ~owdom metrc spoce w:‘"\" H\e_ lowo O'p)
Aldeus Brownian continuum rondom 4ree (CRT).

= unicellular continuum rondom mop on the spheve




Stick-breaking constructions

+ Start from [0, P, ) and proceed os follows.

* For¢> 2, attach [P:_y, P,) ot o mffom'g rondom location on
the existing tree T, 4o form T

« Take $he closure of the kmit: T = limT; = UT

e« The resu\-\- s (o~ rowndom metrc spoce w:'“" {-\\e_ law O'p)
Aldeus Brownian continuum rondom {ree (CQT).

=un'.ce|\u|o~r~ coq-hv\uum l\ow\doM MQP oN '\'1\2 sp\mere.

* T is naturally endowed with o ‘Fr‘oba‘a;k"_‘j measvre M which

IS 'H\e 'iMi'(' o‘. 'Hne empirical ’eq(, meéasures.

Empirical qup meéasure on [ 1S /An-.-;';‘ > J‘z.
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Let T, be the combinalorial tree obtained by ignoring Qolse, leng ths
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of the con +ruction
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Propeh'l':es of 'H\e conS"'ruc+{on

Let T. be He combinatorial tree obtained by ignoring edqge lengths in T,

Then (Th,nz0) is & Maorkov process cal|ed ‘Rémv's qlsgp;-l-lm.

Tke L:l‘amcl\ - S a'“qc.kes "'o a uwi'rorm side

) 2
of o uniform e.e‘sﬁ n Tn, '|’o ‘PO“"‘\ Tnﬂ'




: P“OPENI':QS of 'ﬂ\e c.ons"w~uc+ion
Led T be He combinatorial tree ebtained by ignoring edqge lengths in T,

Then (Tp.n20) is & Markov process called Rémy's qlsgpiﬂm,

The branch Y e attaches to a uniform side of a uniform edge in T, 4o form Tour-
O<541[; 1464Y4;4< 326 :
The left-right choices we make during ‘ A

He stick-breakin 9 construction endow

the leaves of T with o cyclic (clockwise)
oroler




PP°P€P+:es of‘ ﬂ\e c.ons"'ruchon
Let T, be He combinatorial tree obtained by ignoring edge lenghhs in T,

Then (Tp.n20) is & Markov process called Rémy's ﬂ.'sghi'"\w\,

The branch attaches to a uniform side of a uniform e’°‘3° in Ta, 4o form Toy:

_
()

The left- n’aH choices we make olor;l\j He stick -bre«khg construction

endow 'Hae leaves of 'T:\ wf‘“\ o\ cycl.‘c (CIOCkW;SQ) order

With respe& to this order, "Hne ’QO\F labels

iﬂ'T: OArTe O\ unhcormlg I‘Otf\olO"\ csc.ll'c
PQPMU“'a'l's'OvA of {O,l,...,n;‘ inolepeno(en"' O{"

'“ne S‘\ape o'f' Tn.

8750 i ‘.-.',
by



PP°P€P+:es of ﬂ\e c.ons"vuchon
Let T, be He combinatorial tree obtained by ignoring edge lenghhs in T,

Then (Tp.n20) is & Markov process called Rémy's ﬂ.'sghi'"\w\,

The branch +—— altaches to o uniform side of a uniform e’°‘3e in Ta, 4o form Tnﬂ'

()

The left- n’aH choices we make olor;l\j He stick -breqkin3 construction

endow 'Hae leaves of 'T:\ wf‘“\ o\ cycl.‘c (CIOCkW;SQ) order

With respe& to this order, "Hne ’QO\F labels

iﬂ'T: OArTe O\ unhcormlg I‘Otf\olO"\ csc.ll'c
PQPMU“'a'l'\'OvA of {O,l ...,f\;J inolepeno(en"' o{"

'“ne. S‘\ape o'f' Tn.
[Proo% induc'l'ion.}

8750 ; ‘.-.‘,
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Let T, be He combinatorial tree obtained by ignoring eolae lengths in T,
e n

Then (Tp.n20) is & Markov process called Rémy's al gorithwm,
en n"*

b h attaches to a uniform side of a uni form e.ol3e in T, 1o form Ta o
The bronc *—

()

The left r’aH choices we make oluring He stick-breaking construction
(] - M

do 'Hae leowes of 'T:\ wf‘“\ [/ cycl.‘c (CIOCkW;SQ) ordQV‘
enoow

With respec‘r to this oro'er, ‘Hne 'em{? labels

inT aAre o un;‘rcrmlg Pomo\om cgglic
n
permu{-a&\'ov\ of {o,n,...,n{ inolepeno(en"’ of

'H\e. Skape. o{' Tn.
[Procr“: induc‘l‘ion.]

(Asiole: The csc.lic order extends najrumug fo the
leaves of He QRT T)

T ; 'Jl..',
b
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Propeh+:es of ﬂ\e cons‘"'ruc{'(on

*Fix keN, let n be |arge.

o[ _ist the leaves {o,.../l-\} 1N C\\)C“c order s+af"\'if\j ft\om. o,
as Xo,ﬂ.,..-,kn-.,fn’-ko. g




Propeh+:es of ﬂ\e conS"'ruc{'(on.

cFix keN, let n be |arge.

o[ _ist the leaves {o,.../l-\} 1N C\\)C“c order s+om'\'if\j ft\om o,
as Xo, Xl,..-, kn-“ In = Xo.

olet (o, ..., i(K) be such thal

1{(03-; O) X':(‘).-.'. l)




‘] Proper+:es of the construction
cFix keN, let n be |arge.

o[ _ist the leaves {o,.../t-\} 1N C\\Jc-la'c. order s+om'\'if\j ft\om. o,
as Ao Lyor, Ruey L= A ‘

olet (o, ..., i(K) be such thal

1{(03-; o) Xi(()z'l) "';X(.(k) =k

D) LCQ“” "\LQIS a U. Pepmdl’@t'l';OA =
( () L) (Y 2 g ino\epe,nderd Usiform [o.1]

)Y A= 00

nN' n n

random voriables




Ppopep+:es O‘F "'l\e COﬂS""‘UC{';Oﬂ
°F'ix kG’N) let n ’De ‘omse.

o[ _ist the leaves {o,.../t-\} 1N C\\Jc-la'c. order s+om'\'if\j ft\om. o,
as Ao Lyor, Ruey L= A ‘

olet (o, ..., i(K) be such thal
1{(03-; o) Xi(()z'l) "';X(.(k) - k

oLeaf labels a u. permutation =

'~...J A-’“

(cco) NQ (Y 2 g ino\epe,nderd Usiform [o.1]
N’ n "

rondom voriables

So for any K, the sequence (o1,.., k)
) 5 of elements of T are 1D samples -from M
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 Theorem: (2 Voronoi cells in the CRT
(V(O),V(I)) 2 U, I-U) where U~ Uniform [o, |]
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T_l\_g: (2_ Vorono: cells in the CXT) (V(o),V(l)) s ( U, 1-U) where U~ Un;".OrM [o,1)
\' 'PPOO'F:

Let L be the left sde of the Leanch [[o. IH

Let R be H\e rigH’ s.de or the Leanch [[Oa ’H




; T__h_g.r (?. Vorone: cells in the CET) (V(o),V(l)) é‘ ( U, |"U) where U~ Un;".OrM [oo']
' 'Pf‘oo :

Let L be the left sde of the Leanch [[o. IH

Let R be H\e rigH’ s.de or the Leanch [[Oa ’H

Let A be the set of points of T Hat affach to [lo. 1] aloag L
Let B be the set of poin*s of T fad affach to [[o, ']] °‘|°"3 R




; T—h_g.r (2 Vorono: cells in the CET) (V(O),V(l)) g ( U, 1-U) where U~ Uniform [0,
~ Proot:

Let L be the left sde of the Leanch [[o. IH

Let R be the rig“’ side of +he Leanch [[o. 'H

Let A be the set of poin+s or T et affach to Lo, ']] °‘|°"‘3 L A

Let B be the set of poEn"’s of T Hod affoch to [o. l]] along R .
Coall Hhese “cyclic intervals” around T
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 Them: (2 Vorono: cells in the CET) (v, V()) 2 (U, 1-U) where U~ Uniform [o,1

. Peof:

Let L be the left sde of the Leanch [[o. IH

Let R be the rigH’ side of +he Leanch [[o. 'H

Let A be the set of points of T Hat affach to [lo. 1] aloag L

Let B Le the set of points of T o afach to [o.i] along R
Coall Hhese “cyclic intervals” around T l {

Then

Ma (A)= - Tl - { i: 0| in 'Tn} ~ Uniform {;?;\» ;{‘;]'"" %}‘l} ]
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T__h_g: (?. Vorono: cells in the CET) (V(o),V(l)) é‘ ( U, |"U) where U~ Uni"‘OrM [oo']
' Proof

Let L be the left sde of the Leanch [[o.1]]

Let R be the rig“’ side of +he Leanch [[o. 'n

Let A be the set of points of T Hat affach to [lo. 1] aloag L
Let B be the set of poin*s of T Hat affach to o, ']] °‘|°"‘3 R
C.all Hese “cyclic intervals' arsund 1.

Then wia(A) = #5i: ogiglinTo}~ Unif o 555

Since ma—it 3et (MA), u(8)) = (U, I-U)
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.. T__h_g: (?. Vorone: ce."S in {he CET) (V(o),V(l)) é‘ ( U, |"U) w'nere u ~ Uni"‘OrM [oo']

. Proof:

Let L be the left sde of the Leanch [[o. IH

Let R be the rigH’ side of +he Leanch [[o. 'H

Let A be the set of points of T Hat affach to [lo. 1] aloag L

Let B be the set of poEn"’s om(‘ T affach to [o. l]] alon3 R
Coall Hese “cyclic intervals' arcund 1.

s

Then wa(A) =L #50: ogig1inTa}~ Onf {oii 35
Since pao M, Gel (MM, m(B)) 2 (U, -

' go can Prove ‘H«e ﬂ\eorem 'oy sl«owing Vof‘Onoi ce'ls
£ cyclic intervals have the some olistribution.




 Them: (2 Vorono: cells in the CET) (v, V()) 2 (U, 1-U) where U~ Uniform [o,1
- Proof:
Let L be the left sde of the Leanch [[o. IH

Let R be the rig“’ sde of the Leanch [[o.1]]

Let A be the set of points of T Hat affach to [lo. 1] aloag L
Let B be the set of poin*s of T fad affach to [[o, ']] °l|°"‘3 R 3

Coall Hhese ‘crelic intervals” arsund T Nl |'|? 4

Then wia(A) = #5i: ogiglinTo}~ Unif o 555 A

[

Since pao M, Gel (MM, m(B)) 2 (U, - B
So can prove thm by Showing Vorono; cells and cyelic intervals !
hove same diS‘}ﬁ‘)U"fon, /

DiVI'de Ihe fwo sides of [[0, |“ at

A, 3
He midpoint o obtain LoLs o, R, N8
LR,
Define A., A, B, B, accordingly. & !



| Thm: (2 Voronsi cells in the CET) (V(a,V()) 2 (U, 1-U) where U~ Uniform [o,1
. Proof:

Let L be the left sde of the Leanch [[o. IH
Let R be H\e Pig“’ s.de or +he Leanch [[Oa 'n

Let A be the set of points of T Hat affach to Jlo, 1] along
Let B be the set of poin+s of T fad affach to [[o, ']] °l|°"‘3 R 3

" I
C,OL" 'H\es'e ucyC,ic ;l\'}eerls arounol T N| 12‘ 4 \

Then /“II(A):&"'#;'-’ oL (< mT} U"r{"nﬂ ‘M..; /Al B
Since mam M, Gel (MM, m(B)) 2 (U, 1-W) S

So can prove thm by Showing Vorono; cells and cyelic intervals 3
hove same d;s’frﬂ:u#fon, /
'Div.’o(e -H\e "’wo sides o‘f Ho, ']] 0\* Mfdpo;ll" 'l’o 0,0'l'm;tl Lo, Ll. Rm Ru.

Defline A, A, B, B, accordingly. A 3\ .
By stick- breaking construction, immediate fhat |

LR

(A, M(A,), M(B, A(8B,) exchangeabe. SRS

. A 1 .(.. "



j T_“_‘_!“ (?. Vorone: ce."S in the CKT) (V(O),V(l)) g ( U, |"U) ukere u ~ Unhcm'm [0,']
' Proof.

Let L be the left sde of the Leanch [[o. IH

Let R be H\e Pig“’ s.de or +he Leanch [[Oa 'n

Let A be the set of points of T Hat affach to [lo. 1] aloag L
Let B be the set of poin*s of T fad affach to [[o, ']] °l|°"‘3 R

3
C.all 'H\es'e ucyC,ic ;I\'}eerls“ arouno‘ T N| | I? 4 ,
Then /Un(A) -mﬂ'gu o<1 m’T’} Unr{%.ﬂ -.'::.} A \
Since Ma oM, G—ef (/A(A),/A(B))‘-‘-(u, I~U) ' Bg

So can prove '“AM l)y Slnowiﬂs Voron.o.’ c,e,"S anol c.yc.lic il\‘,'erva.ls

q
hove same distr: ’:u"fon, /
Divide the }wo sides o‘f Uov ']] 0\* M.’Olpoilll' fo obtaia Lo, Ll. Ro. Ru.

Define A, A, B, B, accordingly.
By stick- Breakil\s cms\‘ruc"u'on, immediq'le Hhat A° 3\ 'Bl

(A, Mm(A), MA(BY, M(B)) exchangeab[e.
Thus (u(A), M(B))= (m(A)+M(A) (B 1M(B,)) '

RE
by



j T__h_g: (Q_ Vorone: cells in the CKT) (V(o),V(l)) é‘ ( U, l-u) where U~ Un'ncOrM [o,l]
; Proof:

Let L be the left sde of the Leanch [[o. IH

Let R be H\e rigH’ sde of +he beanch [[0, 'H

Let A be the set of points of T Hat affach to [lo. 1] aloag L
Let B be the set of poin*s of T fad affach to [[o, ']] °l|°"‘3 R

§ |
Coall Hhese “crelic intervals” arcund 1. Nl l 5 4 )
Then aia(A) = #5i: o ig1in Tad Unf Lo O3S A | ;;
Since Mo M, Get (m(A, m(B)) 2 (U, 1-W) | B/ :
So can prove thm l:y sl\owiﬂs Vorono; cells and cyclic intervals 7
hoave same distribution /
Divide the +wo sides of [[01]) at midpeint to obtaia Lo, L, Ro, Ry
Define A, A, B, B, accordingly.
By stick- Brea’n’t\s consh-ucl-.'on, immediale that /_\o 3\ B
(/A(A.),/'\(A.) M(BY, /0\(3)) excl\anﬁea“e, |
Thus (M(A) ,u(B)) (A (A), (B ) 1M(B,)) S

" 401
b

(,u (As )*/A(Bo) /A(A)*/A(B )) = (V(o) V(n)) %
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To make some.f'kins S’uMilO\f‘ work -For k>2. Poimls,

neeol a ‘i'l“e more in'rorma4ion.

'Keca“‘ ’P,_-a seconol Po'-l\'l' o{ PPP w;'I'L ra'l'e '\(h= 'lt



~oONe e !\3 S I\

To make some}k;ns similar work for k>2 points need a li{le more infor mation.

Recall: P= second poit\'l' of PPY. wi'l-ly\ cate ')\(-h= 1.

For se o d), P(Peds[Pat)= 5 e R 2P mex(UUy)
where ul,uz ore Ua:[ [O.l] inolependeﬂ‘} of each ether and o{ P,_

b L T =2
b



 Branch lengths in T

To make some.,'l\'ms S?M;'Qr wor'k 'rar k>2. Poin-}s‘ need a ‘;4“3 more infor mo\'l'{on.

'Keca“‘ 'P,_- seconol po'nt\"' o'c P?P w§'|'l\ rﬂ‘l'e ')\(.h: ‘lt

Fr se (o), P(Reds[Pat)=S  ie P 2P max(UU,)
where U, U, ore Uaf[0,1]) independent of each ether and of P,

T\r\e Lrow\ck ——2 ar“'o\clues ‘o a un'.form |oc.oc|'iol\ on —o |

P ULP, max (UU)U £ Py win (U, U,)

AN ; ‘.-.',
b



 Beanch ler\g\-\ns n T

To make some.,'l\'ms S?M;'Qr wor'k 'rar k>2. Poin-}s‘ need a ‘;4“3 more infor mo\'l'{on.

'Keca“‘ 'P,_- seconol po'nt\"' o'c P?P w§'|'l\ rﬂ‘l'e ')\(.h: ‘lt

-d

P
N

For se[ot), P(Peds|P=t)= ;f-,-z ie. P, :Pa‘ max (U, U,)
where u,,u,_ ore u«:( [Ool] ;nolependen'} o{" each other and o{ P,_

Y,

-I'ke I:row\ck —_—2 a'“'cacl‘es o a W\i'form locotion on e

P-UZ P, max (UU)U £ P, min (U,U,)

O

l—oo-'l-—-'gd —l

AN ; ‘.-.',
b



 Branch lengths in T

To make some}k;ns similar work for k>2 points need a li{le more infor mation,

Recall: P= second poit\'l' of PPY. wi'l-ly\ cate XGF 1.

F;r Sec t°a £\, ]P (Pué JS l p:."" {\ = ff}}. ..e. P! 2— P:.. Mmax (u'aul.)
where ul,uz ore Un:{ [oo'] ;nolependen-} o¥ each O‘Her‘ o\t\o‘ 0‘(: P,_

-n\e LromC.k —_—2 o‘H'O\cLes Yo a uniform |ococ|'ion on —o |

P UL D, max (UU)U £ P min (UU)

We hove derived the {sllowing identity in law
for the branch |en3“¢\s in Ty

(‘Pl'u,’Pl ,sz) ‘g sz.' (min (U.,U,), MaX (U., z), ‘)

Gase . KRR
b

-d

P
N

Y,

l-oo'"-—-'gd —i—

O



 Branch lengths in T

To make Some.’"\'cﬂs s':milaw work ";r k>2_ Pgin'}s‘ need a ';‘“"e more

'Keca“‘ 'P,_- seconol po'nt\"' o'c P?P w§'|'l\ M‘I'e 'XG\: ‘lt

in'ror ma‘l’ion.

For sefat), P(Peds|Pat)=5 e P 2P, max(UU,)

where ul,uz ore Un:{ [oo'] ;ndependen-} o¥ each O‘H\Qr‘ ou\o‘ 0‘(: P,_

-n\e LromC.k —_—2 o‘H'O\chs Yo a uniform |ococ|'ion on —o |

P UL D, max (UU)U £ P min (UU)

We have derived the ‘ollowias idenl-i~l-_9 in low for }he broanch |9£9"’l‘_§ in P,
(P-U.P, P,) 2 P, (minlUU,), max(U,U,), 1)

\

B B+B, B+B,+B,

P

N

T | P

O



 Beranch ‘QI\S‘\'\'\G n T

To make some"l'\ins similar wor'k Rr k>2. Pcinfs‘ nged a ';#’e more il\‘ror MQ'I'I.OH.

'Keca“‘ 'P,_- seconol po'nt\"' o'c ??P w§'|'l\ M‘I'e ')\(.h: 'lt

-d

N

For sc [Os ix, P (P.G ds l p:."" {\ = rf;‘z ..e ?l g P:.' max (U.,'U,)
where ul,uz ore Un:{ [oo'] ;nolependen-} o¥ each O‘H\Qr‘ ou\o‘ 0‘(: P,_

P
Y,

Tke Lraan —_—2 o‘“'cv\ckes Yo a uniform |ococ|'ion on —o |

P UL D, max (UU)U £ P min (UU)

We have derived the ‘ollowit\s idenl-i~l-_9 in low for the branch |9£9"’l\_5 in P,
(P-UP.P,) 2P, (minlUU,), max(U,U,),1)
g 7 BB, “BtB,+8;

oo R —i—

O

A more useful way to write this: Let E,,E., E; be Exp1), with sum G3
Tl‘e" —'lP:.(BUBZJ 83) g ‘Gi'_s' (E“Ez’Eg),

RE
by



Branch lenaths in T

To make SOMC"L\MS similar work 'For k>2 Pgin-}s‘ neeol a [;-"-Ie more in‘ror marl'ion.

?ecau’ 'P,_: seconJ po'-l\'l' o‘c PPP wi‘l'l\ ra‘|'€ '\(“‘ -l:
For sefat), P(Peds|Pet)=5 e P 2P, max(UU,)
where U, U, ore Uad [0,1] independent of each ether and of B,

-d

P
N

Tke. Lromck —2 a‘“’o\cl‘es Yo & uf\'.-form locodion on — |

P. UL D, max (UU)U 2 P win (U, U,)

Y,

We have derived the co"owins io‘enl'.'-'-_cj in low for the bwl, |g£3'|'l\_s in P,
(P-UP.P ) P, (m A(u,,u,),max(u"u,_)' 1)
B, / B+8, \Bi-B B3
A more uSeru‘ wﬂ-)' -|-° wru"'e .|.|,t S: Le+ E,,Ez,Es be Exp(\), U;'ll’l Sum G‘;

Tke“ E(BUBZ, 3) - '(;—_3' (tlpEzo 3)'

oo R —i—

More generally:  Prop: The branch 'ena-“ns (B,,..., Bz,,-,) in Ty
Sq'Lnsrﬂ L (B;. oes sz ) ’ '0 z.lz-n)

ZIr-

where (Ei‘i’o‘) ore up Expll), G-Mz Z E,.

- 5 - - b3y bl i
= s A ~5 - 2N

.. ‘



Branch lenaths in T

Proof : Tnduction. -

- 'Y
- S
AT Vi

To make some.H\ms similar wOf‘k 'ror k>2. POiV\"’S‘ nged a l;*‘“e more il\‘ror marl'{on.

'Keca“‘ 'P,_- seconol po'nt\"' o'c ??P w;'l'l\ M‘I'e 'XG\: 'lt

-d

P
N

For sc [Os ix, P (P.G ds l p:."" {\ = rf;‘z ..e ?l g P:.' max (U.,'U,)
where ul,uz ore Un:{ [oo'] inJQPQN‘Qﬂ"’ o¥ each o'H\er ou\o‘ 0‘(: P,_

Y,

Tke Lraan —_—2 o‘“'cv\ckes Yo a uniform |ococ|'ion on —o |

P UL D, max (UU)U £ P min (UU)

We have derived the ‘ollowit\s idenl-i~l-_9 in low for the branch |g29‘|'_l\__5 in P,
(P-UP.P,) 2P, (minlUU,), max(U,U,),1)
g 7 BB, “BtB,+8;

A more useful woy 4o write this: Let E,,E. E; be Exp(1), with sum G O
d
Then —Pi—(B"B’-aB3) = .é'_ (EuEz..Es).
3

2
More senera"9:

oo R —i—

i
P_t_‘_QP The bronch 'ef\j""ns (B“..., BZk-l) n Tk 5“"';5{’3 E‘( B|.-.-.sz.|) é‘ Gi'z'lcq. (E| ..... Ezl,-|

where (E;JE’J) ore up Expll), G‘M= g E;.

€M

- A AR A R et - N sy AT A .l A
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' y,
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The: (K Vorone: cells in the CET)
List +he points io,l,...,k-l} occorolil\j

$o the cyclic order in To S"'Oc("l'ina
from 0,05 (Lo, 4, M hi=1.).
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The: (K Vorone: cells in the CET)
List +he points io,l,...,k-l} occorolil\j

$o the cyclic order in To S"'Oc("l'ina

from O, s (Io,ﬂl,.--.!k-u!k‘glo)'
Let

C. =L€.f\3'l'\« o'c c)’C‘{C ;(\'l'ervaxl
" Arom 1. to K’m N er
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The: (K Vorone: cells in the CET)
List +he points io,l,...,k-l} occorolil\j

$o the cyclic order in To S"'Oc("l'ina
from 0,05 (Lo, 4, M hi=1.).

Let

C3=Le.n3'|'L o\f cyc‘{c ‘nte~val
from L to K’m N er

L.. = Lens‘\'\r\ o‘c Voronon cg“ O-F L“
T ,




The: (K Vorone: cells in the CET)
List +he points io,l,...,k-l} occoro\il\j

$o the cyclic order in To S"'Oc("l'ina
from 0,05 (Lo, 4, M hi=1.).

Let

-LQAS‘H« \C C.)’C.‘\C .(\'l-er-vaxl
£from X {6 Ku-l ‘A

L_ Le“ *H,\ "3 VOr"Of\o\ CQ“ 'F 1
) 'Tu




The: (K Vorone: cells in the CET)
List +he points io,l,...,k-l} occoro\il\j

$o the cyclic order in To S"'Oc("l'ina
from 0,05 (Lo, 4, M hi=1.).

Let

-LQAS‘H« \C C.)’C.‘\C .(\'l-er-vaxl
£from X {6 Ku-l ‘A

L_ Le“ *H,\ "3 VOr"Of\o\ CQ“ 'Ff
) 'Tu
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The: (K Vorone: cells in the CET)
List +he points io,l,...,k-l} o«ccoro\il\j

$o the cyclic order in To 5"'0«(‘"’3:\5
from 0,05 (Lo, 4, M hi=1.).

Let

-LQAS‘I'L '(" C.)’C.‘\C .(\'l-er-vaxl
£from X {6 K”‘ ‘A

L. Lens‘\'\r\ '¥ Vorono, CQ“ -F [

)

Then (C c,,,,,,C ) = ( 0s e, k-l).




-E!.:“ (k Vorone: cells in the CET)
is+ +he poin'*s io,l,...,k-l} occord:
O’\j

$o the cyclic order in To 5"'0«(‘"’31\3

from O, 0
Le.'l' s (Io,l'“"'lk-"!".: 10)'

= |len ‘l’L 4‘ ‘
3 cych ) 'l' ~VaA
oot e
£ 1,

L_ Ley\‘j\-\,\ ‘C Vorono: cQ“

)

Then (C o ".'C lt-l) = (L‘o, |¢ )
Corollary : .
___.'-l- 9 (vo.Vl...-.Vg) ~ Dir(1,1,.,10).
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The: (K Vorone: cells in the CET)
List +he points io,l,...,k-\} o«ccoro\;l\j

$o the cyclic order in To 5"'0«(‘"’31\5
from 0,05 (Lo 4, M hi=1.)

Let

C = Le.r\ 'l'L "‘ |
3 cychc |(\'l'€r~va\|
y ‘F(OM X 'I'O K“\ Ta)

L LQV\ -H,\ ‘c Vor"O'\O\ ce
Lo n + 1,
Then (C e k-) d (L )

| 0, :°y l‘-
Coro"arlo= (Vo,Vh,..,VK) ~ Dir (L1, ..., ).
'ProcF Le"' 4

. = 'l-o"'al MO\ SS 0c|'|'o~c|n
| C ]
um.corm SGMP‘QS {:mm ) ns to . Since {O 1, ... k“'} one
M, we have (C.C,,.,C-)* Dir(L1-01).



The: (K Voronoi cells in the CET) /.-
2° |
List +he points io,l,...,k-\} o«ccoro‘;l\j

$o the cyclic order in To s-l-ar-‘r;a5

fcom O, os (Io,ﬂl,---,lk-u!k':'co)'

Let Ci

C . = Length of erclic intecval
P deom 1, o Kl-\-l in Tk

L. = l.._e\r\a’Hr\ o‘c Voronoi cell o'p 1« 9|=3

) 1N v C—
Then (C,,..C,.) s (Lo, lpn). .

Cc?_:_g_l_l_arto= (Vo,V.,,..,VK) ~ Dir(1,1,.,10).
pPOO‘c: Le-l- ]—) = "'O"'QJ MO\ SS Q‘H’O\Ckiﬂs "b CJ Since {°/ |....,|(“|} one

uniform samples from m, we hove (CoCoy oy Com) * Dir (W1 )
Since a'&act\"’\e“'l locotions are uniform, the same must hold

4 -For (Vo.---. Vk-\) w.\-“\ V) e ‘|'¢'|'a| i at“‘auclv\.\!\j +° LJ N V(IJ’T) =

7
. % . e T
~ - . pat ) -



Thw: (k Vorone: cells in the CET) 4
- List +he poin‘ls So, l,...,lt-l} occoro\;l\ﬂ +o the cyelic order in Ty 5"'“"*;"5
'crom O) o5 (Io,ﬂu,...,lk-a.1k= 10)' .

C = Len ’Hr\ -C Voronoi C.Q“
Le.‘l' C = Le.f\ ‘l‘L o'(" c)'c‘m |f\'l'€r~\r0\| L. L 3 o)
} 'Fro?\n K; to ﬁl.ﬂ Tal T.‘ ’ o-p f& P

Then (C °’.,,,Ck_') g (Lo, . .,Lk-l).




; Thw: (k Vorone: cells in the CET) 4
- List the poit\‘ls 30, ';--.,lt'l} occoro\ll\ﬂ 4o the cyc.l.’c. or'o‘er in": S"'O«f‘h“g

'crom O, oS (IQ,I".'.‘Ik_“Ikz 'Qo)°
L.. = Len ’H’\ o‘c Vor‘O'\o; C.Q“

Let C.=Lenath o cyelic interval
! —(:r'o?\n k; to ﬁl-\-! 1N Tk ’ o'p ;o Te

Then (C o,,..,Ck.') g (Lo. . °,L'k-l).
Preok: k=2 done:
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- Thm: (K Vorone: cells in the CET)

i LiS"' -H,\g Poiz\'l's io,l,...,l('l} osccorA;l\ﬂ 4o +he c‘/c.(§c. orJer in"I 5"'0«('{'305

feom O, as (IO,ﬂl;--;Ik-qu-'Qo)‘

._L n «l-L 'r Q)’C‘\C |f\'l'€r~\ra\| L—
Le-l. C', —Ffo?v\ X ‘l'o z,.\.‘ T2 ﬁrk ’

Then (C, ,..C,,_,)=(Lo. L)
rprocc k=2 done: ==

k=3: Let X Le leo»(-‘ cloSQS'l' '|’6Lro~r\cl\|00\n"'
Y)z o'“nQr +wo IEaNGS (CIOC‘(NISQ)

= l_enc:)'Hr\ o'c Vor“oﬂo{ C.QH
01(' 1‘\ N T\'.

Ao
et
3
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- Thm: (K Vorone: cells in the CET)

i LiS"' -H,\g Poiz\'l's io,l,...,l('l} osccorA;l\ﬂ 4o +he c‘/c.(§c. orJer in"I 5"'0«('{'305

from O oS (Io,ﬂb.. olk-lolk- )
= Len oroNno, < “
Let Ca- Lev\s‘l'\«\ o cyclic interval |...3 = Lenath of V. e

feom L. o LH N ka o'p ;o T
Then (C,, . C k-u) S (Lo, ) k- )
rprocc k=2 done: v e

k=3: Let X Le leo»(-‘ cloSQS'l' '|’6Lro~r\cl\|00\n"'
Y)z o'“nQr +wo IEaNGS (CIOC‘(NISQ)

Ao
et
3
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- Thw: (k Vorono: cells in the CET) :
» List +he poiats fe, ""v""} occoro\izx3 $o the cyclic order in T S"'N'*"‘f,

'crom O oS (Io,ﬂl, Ik-lolk- )
Le.‘l' CG-LQAS'H« 1C C.)'C‘\C .r\l-er-vaxl L.’ = Len ’Hf\ Aj Voroaoi c.Q“

feom L. o LH N ka o'p ;o T
Then (C,,.. C. ') S (Lo, ) k- )
rPrv.':O'(:’ k=2 done: v e

k=3: Let X Le IQO\(" CIQSQS‘l’ 'I’GLNM\CI'\PMR""
Y)z o‘“«Qr +wo |eawe5 (CIOC‘dMlSQ)

£
‘. //”««z
\/OPOY\OI
N2
X
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- Thw: (k Vorone: cells in the CET)
§ List+ the P°3l\+5 3o, ':---;""} occoro\h\ﬂ $o the cyclic order ;n"l; s-‘-o«r{'in?’

feom O, as (Io.ﬂu Ik-ulk- )

Le.'l' C -Lens'l'L 1C C.)'C‘\C .r\l-er-vaxl L. = Len ’Hf\ Aj Voroaoi c.el\
) ‘F(‘OM K 'I'O KH“ N fT’k ’ O'F ; n T!

Then (C, ..C,,,)=(Lo. . k-)
rprooc k=2 done: ==
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- List+ 4lhe Poi(\‘l's io,l,...,k'l} o;ccorA;l\j 4o the c‘/c.la’c. orJer in": S"'O«r{'ina
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; Thw: (k Vorone: cells in the CET)
- List+ 4lhe Poi(\‘l's io,l,...,k'l} o;ccorA;l\ﬂ 4o the c‘/c.la’c. orJer in": S"'O«r{'ina

feom O, as (Io.ﬂu Ik-ulk- )

= Len ’Hﬂ 'C Vorono, c.Q“
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Tl'\fs can:

«Dis com\ec'l' 'H\e Ma\P (t‘ ) 'H,\e Sur‘roxce)

G2~ &EFE
= EED

« TrerRase e number o\(’ 'pmces w‘\lkech olisconnec'l-ii\s ‘H\e surfo\ce.
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GQV\Q!‘O\, Suf\'PGCQS : S"'I“ rQwmoVve SLOP"‘QS‘" lgl‘ow\ck ig\m'deﬂ‘l‘ "~° Q\ ‘Qo\p

This can:
«Dis com\ec'l' 'H\e Ma\P (t‘ ) 'H,\e Sur‘roxce)
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e TncrRase -H,\Q_ v\umber o'c -paces w'\'u\GU'l' Oliscomﬂec'l'il\s 'H\e Sur'Fo\ce
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Forces us '\'0 work wt-”\ MmapsS er\. more 'H\O\Y\ one 'co\(:e, ([,U.I- always

o bounded # of faces).




Maia Theorem: Eq’uidis-‘ribu-‘(on between Vocoroi cells ond infervals,

”'Face-Ls-‘CO\CC: 1(‘00 3ev\eml condinuum rowndom maps,




Main Theorem: Eq{uio\is}r;ku-‘ion between Vororoi cells and infervals,

"face-bs-fmcet for 3ener~a| continoum rowndom maps,

Special case: Tn the unicellular continwm rondem map on any fixed

surface S, \/orolf\Oi CC"S 'corm [ N Uﬂ;forv"\ ?O\P"i-lion

of mass.




Main Theorem: E$uidis+r;5u-¥ion between Vororoi cells and infervals,

"‘Face-Bs-'poxce': for* 3eneml Cc.n-('inuum v“om.o(om maps,

Special case: Tn the unicellular continwm rondem map on any fixed

Surfo«:e S, Voronoi CC"S 'corm o unifom Vo\f“'h-‘ion

of mass.

Con‘!ecjrure (CMPMS)’ TLe. Soame L\o‘ds 'Fcp 'H\e Brownian MQP on M\t’
sorface S




Main Theorem: Eq/uio\i s-fribu-hor\. between Vororoi cells and indervals,

"faee-hs-face': 1(‘00 3eneml con-tinuum romo(om maps.

Special case: Tn +he unice“ular con-linwm romdom moqo on any -fi)(ed

suoface S, \/oroV\Oi CC"S 'corm (o)} Uﬂ;-rorm ?0\("}{4{0/\

of mass.

Con'!ec;('uf‘e (Ckapus)’ TLe_ Same L\o\ds 'For 'H\e Brownian w\qP on M\!’
sorfoce .

'Remqil\ing o{g-}q;‘s omi'ﬂ'eo“




[1PAC v
M I2A AST'O&H\IA.‘ | —

| MPHh A "
poMwlk - NeT




ﬁ

X
Cheristina G—o\a\sc:\r\mio\{







